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ANALYTICAL RELATIONSHIPS FOR THE INFLUENCE OF 
PARTICLE SIZE ON PRECIPITATOR DESIGN 

by 
Robert G. Kunz and Owen T. Hanna 

I n t r o d u c t i o n  -- 
The r e a l i s t i c  design of many types of p a r t i c u l a t e  c o l l e c t i o n  devices  

involves  cons idera t ion  of t h e  inf luence  of p a r t i c l e  s i z e  d i s t r i b u t i o n .  For 

on e l e c t r o s t a t i c  p r e c i p i t a t o r ,  t h i s  in f luence  is a p p r o p r i a t e l y  expressed by 

t h e  i n t e g r a t i o n  of t h e  Deutsch equat ion f o r  a log-normal p a r t i c l e  s i z e  d i s t r i -  

bu t ion .  The i n t e g r a l  which must be evaluated i n  such cases  depends on s e v e r a l  

parameters  and cannot be evaluated e x a c t l y  i n  terms of elementary func t ions .  

A numerical t a b u l a t i o n  of t h e  i n t e g r a l  f o r  a l l  parametr ic  cases  of i n t e r e s t ,  

whi le  f e a s i b l e ,  poses a cons iderable  numerical  i n t e r p o l a t i o n  problem and is 

not  very s u i t a b l e  f o r  computer izat ion.  

I n  order  t o  express  the  i n t e z r a l  s i m p l y  and accura te ly ,  asymptotic 

methods a r e  employed i n  t h i s  paper. These methods produce a n a l y t i c a l  

approximations which .a re  expressed i n  terms of w e l l  known f u n c t i o n s  and t!ie 

s o l u t i o n  of a c e r t a i n  nonl inear  a l g e b r a i c  equat ion .  

c a l c u l a t i o n s  are given h e r e  i n  forms s u i t a b l e  f o r  eiLher hand o r  computer 

c a l c u l a t i o n s .  Comparison wi th  numerical  c a l c u l a t i o n s  shows t h a t  t h e  r e s u l t s  

of t h e  asymptotic a n a l y s i s  a r e  a p p l i c a b l e  f o r  v i r t u a l l y  a l l  cases  of p r a c t i c a l  

i n t e r e s t .  

Resul t s  of t h e s e  

E l e c t r o s t a t i c  P r e c i p i t a t o r  Theory 

I n  an e l e c t r o s t a t i c  p r e c i p i t a t o r ,  suspended d u s t  p a r t i c l e s  i n  a 

gas  a r e  e l e c t r i c a l l y  charged and migra te  t o  c o l l e c t i n g  s u r f a c e s  where they 

are captured.  

gas  under the  inf luence  of an e l e c t r i c  f i e l d  produces t h e  fol lowing expression 

f o r  the  p a r t i c l e  migrat ion ve loc i ty :  

A f o r c e  balance on a s i n g l e  charged p a r t i c l e  i n  a qu iescent  
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The c o l l e c t i o n  e f f i c i e n c y  of a p r e c i p i t a t o r  i n  t u r b u l e n t  f low is  then given 

-APw/Q 
by t h e  Deutsch equat ion  

n n 1 - e  

However, the v a l u e  of w c a l c u l a t e d  accord ing  to  f i r s t  p r i n c i p l e s  

from eqn. (1) w i t h  i t s  under ly ing  s i m p l i f y i n g  assumptions may b e  s e v e r a l  

t i m e s  too high because of e f f e c t s  unaccounted f o r  i n  i t s  der iva t ion , ,  

i n c l u d e  m u l t i p l e  p a r t i c l e s ,  uneven gas  d i s t r i b u t i o n ,  p a r t i c l e  reentrainment ,  

' These 

11, 12 * and h igh  dus t  r e s i s t i v i t y ,  as comprehensively d iscussed  by White. 

Therefore ,  t o  p r e d i c t  t h e  o p e r a t i o n  of an  a c t u a l  p r e c i p i t a t o r ,  t h e  

t h e o r e t i c a l  m i g r a t i o n  v e l o c i t y  i s  rep laced  by a p r e c i p i t a t i o n  ra te  cons tan t  

based on experience. 6 -- - 

Log-Normal P a r t i c l e  S i z e  D i s t r i b u t i o n  --. 

\ Moreover, t h e  p a r t i c l e s  encountered i n  p r a c t i c e  are n o t  uniform 

i n  s i z e  as w e  have so f a r  t a c i t l y  assumed, b u t  r a t h e r  are made up of a 

cont inuous d i s t r i b u t i o n  of s i z e s .  S p e c i f i c a l l y ,  most powders of i n d u s t r i a l  

s i g n i f i c a n c e  are log-normally d i s t r i b u t e d .  

a given diameter  p a r t i c l e  p l o t t e d  a g a i n s t  t h e  logari thm of t h a t  s i z e  produces 

t h e  f a m i l i a r  bel l -shaped curve.  A l t e r n a t i v e l y ,  t h e  logari thm of t h e  p a r t i c l e  

d iameter  (d ) graphs as  a s t r a i g h t  l i n e  a g a i n s t  cumulat ive weight percent  less 

than  t h a t  s i z e .  An example of t h e  lat ter p l o t  is shown i n  Figure 1. Rro 

parameters ,  t h e  mass median diameter  (2 ) and t h e  geometric s tandard  devia t ion  

The frequency of occurrence of 

I( P 

P 

(01 completely s p e c i f y  t h e  d i s t r i b u t i o n .  

diameter  a t  t h e  50% p o i n t ,  and u is given by e i t h e r  of t h e  fol lowing r a t i o s :  

The mass median diameter  is the  
? 
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P P  P P 

A more complete ex2lana t ion  of f i n e  p a r t i c l e  s t a t i s t i c s  i s  conta ined  else- 

where. 5 

Col lec t ion  Eff ic iency  Log-Normal D i s t r i b u t i o n  

By lumping a l l  non-size r e l a t e d  q u a n t i t i e s  i n t o  one parameter 

E ' E  A k =  o p p 
4nuQ 

eqn. ( 2 )  can be  w r i t t e n  

Eqn. ( 4 )  is  exponent ia l  

func t ion ,  shown i n  Fig. 

(4) -kdp r~ = 1-e 

i n  c h a r a c t e r  a l though k,  l i k e  w, is  empir ica l .  This  

2 ,  i s  an example of  t h e  so-cal led grade  e f f i c i e n c y  

curve d iscussed  by  Stairmand. '-lo Typical ly ,  l a r g e r  p a r t i c l e s  are c o l l e c t e d  

much more r e a d i l y  than smaller ones. 

With t h e  grade-eff ic iency func t ion  def ined,  t h e  c o l l e c t i o n  e f f i c i e n c y  

f o r  each ind iv idua l  p a r t i c l e  s i z e  i n  t h e  d i s t r i b u t i o n  is  completely determined. 

The o v e r a l l  e f f i c i e n c y  of c o l l e c t i o n  ( n )  is obta ined  by summing up t h e s e  

i n d i v i d u a l  c o n t r i b u t i o n s  , 

- 
where a : kd and b E in 

P 

Although a t t e n t i o n  has  been focused cn e l e c t r o s t a t i c  p r e c i p i t a t o r s ,  

t h e  technique t o  b e  o u t l i n e d  below a p p l i e s  a s  w e l l  t o  o t h e r  types of  

p a r t i c u l a t e  c o l l e c t i o n  devices  whose grade-eff ic iency curves  can b e  approximated 



- 124 - 
by eqn. (4). T y p i c a l  g r a d e - e f f i c i e n c i e s  r e p l o t t e d  on semi- logari thmic 

c o o r d i n a t e s  from Sta i rmand ' s  t a b u l a t i o n s  and curves  a re  shown i n  F i g .  3 

f o r  s e v e r a l  such d e v i c e s .  I n c r e a s i n g l y  e f f i c i e n t  c o l l e c t i o n  i s  r e f l e c t e d  

by a l a r g e r  v a l u e  of k. 

. 

Numerical I n t e g r a t i o n  

The i n t e g r a l  o f  eqn. (5) can  b e  computed d i r e c t l y  by numerical  

q u a d r a t u r e , . r e s u l t i n g  in  the curves  presented  i n  Fig., 4. 

t h e s e  curves w i l l  b e  e n t i r e l y  s a t i s f a c t o r y .  

c o l l e c t i o n  e f f i c i e n c y  w i l l  b e  d e s i r e d  f o r  a set of i n p u t  parameters  a 

and b n o t  cor responding  e x a c t l y  t o  any of t h e s e  curves ,  r e q u i r i n g  e i t h e r  a n  

i n t e r p o l a t i o n  o r  a c o m p l e t e  numerical  re -eva lua t ion  of the i n t e g r a l .  

For some purposes ,  

More than  l i k e l y ,  however, 

I n  

_ _  o t h e r  words, t h e  f u n c t i o n a l  dependence of  t h e  e f f i c i e n c y  on t h e  i n p u t  

parameters  is n o t  shown e x p l i c i t l y :  

a n a l y t i c a l  approximat ions  f o r  t h i s  i n t e g r a l  have been developed. 

For t h i s  reason ,  s imple and a c c u r a t e  

-_ 
-t 2 - a e  b t  

\ 
Approximate R e p r e s e n t a t i o n  of JZ;; d t  z I 

. This  i n f i n i t e  i n t e g r a l  i s  seen  t o  convergs f o r  a l l  v a l u e s  of 

a and b. The i n t e g r a n d  -+ 0 f o r  b o t h  t -+ -03 and t -+ - and thus ,  Bince t h e  

i n t e g r a n d  is always p o s i t i v e ,  i t  must have a maximum v a l u e  a t  some p o i n t  

t*. 

r e q u i r e s  t h a t  

A t  the  maximum p o i n t  t*, t h e  u s u a l  c o n d i t i o n  f o r  a n  i n t e r i o r  maximum 

(6) b t *  ~ 0 t* + a b s  

It is e a s i l y  v e r i f i e d  t h a t  t h e r e  can b e  b u t  one maximum p o i n t  t* f o r  any 

g iven  set of v a l u e s  of a and b.  Thus  t* depends on both  a and b.  However, 

by changing t h e  v a r i a b l e s  t o  t* 5 a1'2 u* and C 3 a1'2 b, eqn. (6) is reduced 

. t o  a form i n v o l v i n g  t h e  s i n g l e  parameter  C a s  fol lows:  



, 
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u* + C e  cu* E 0 ( 7 )  

Since  t h e  integrand involves  exponent ia l s ,  i t  i s  n a t u r a l  t o  hope 

t h a t  by i n v e s t i g a t i n g  t h e  maximum of t h e  in tegrand  and s u i t a b l y  changing 

v a r i a b l e s ,  t h e  o r i g i n a l  i n t e g r a l  might be  transformed t o  one of  t h e  

Laplace type,  which could then b e  eva lua ted  approximately f o r  c e r t a i n  l i m i t -  

i n g  va lues  of  a o r  b .2  

type  does not  y i e l d  t h e  d e s i r e d  Laplace i n t e g r a l ,  b u t  t h e  t ransformat ion  is  

n e v e r t h e l e s s  extremely u s e f u l  s i n c e  i t  does l e a d  u l t i m a t e l y  t o  a r e s o l u t i o n  

of  t h e  o r i g i n a l  problem. 

However, i n  t h i s  problem a t ransformat ion  of t h i s  

Some d e t a i l s  of  t h e  a n a l y s i s  involved i n  approximating t h e  i n t e g r a l  

are  given i n  t h e  appendix f o r  t h e  reader  who i s  i n t e r e s t e d .  Here we will 

present  t h e  e s s e n t i a l  r e s u l t s  of  t h e  a n a l y s i s .  F i r s t  we n o t e  t h a t  t h e  

approximation formulas depend on t h e  s o l u t i o n  of nonl inear  eqn. ( 7 ) .  The 

s o l u t i o n  of t h i s  equat ion  i s  i n d i c a t e d  g r a p h i c a l l y  i n  Fig.  5.  Approximate 

a n a l y t i c a l  s o l u t i o n s  of t h i s  equat ion a c c u r a t e  t o  b e t t e r  than 5% are developed 

i n  Appendix I. These approximations may be used d i r e c t l y ,  o r ,  i f  more 

accuracy i s  des i red ,  they may b e  used a s  f i r s t  guesses  f o r  i t e r a t i o n  schemes 

t h a t  are a l s o  o u t l i n e d  i n  t h i s  appendix. This approach i s  very  a t t r a c t i v e  

f o r  use  on t h e  d i g i t a l  computer. 

The most u s e f u l  approximation of  t h e  o r i g i n a l  i n t e g r a l  I is  a s  

fol lows:  

2 2  -A b A 

(l+Ab2)1'2 

-- - 
I ' e  2 ( a  + =, a -t 0 ,  b -PO) 



- 126 - 
The q u a n t i t y  A i n  eqn. (8) is r e l a t e d  t o  t h e  s o l u t i o n  of nonl inear  eqn. (7 )  

s i n c e  Ab2 I -CU* and t h e  s o l u t i o n  of eqn. (7)  i s  expressed i n  terms of t h i s  

q u a n t i t y  . 
Eqn. (8) i s  a simple express ion  which approximates t h e  o r i g i n a l  

i n t e g r a l  very  wel l ,  as shown i n  Table 1. I n  Appendix 11, i t  is  proved t h a t  

eqn. (8) is v a l i d  i n  t h e  l i m i t  of e i t h e r  a + -, a + 0, o r  b + 0. The f a c t  

t h a t  eqn. (8) a p p l i e s  f o r  so many l i m i t i n g  c a s e s  g i v e s  some reason f o r  i ts  

e x c e l l e n t  agreement w i t h  numerical r e s u l t s  over  such a wide range of  a and 

b va lues .  Except f o r  t h e  i m p r a c t i c a l  c a s e  of  l a r g e  b(1og-normal p r o b a b i l i t y  

p a r t i c l e  s i z e  d i s t r i b u t i o n  approaching a v e r t i c a l  l i n e ) ,  t h e  approximation 

would produce r e s u l t s  c o i n c i d e n t  with the  curves  of Fig.  4. 

Eqn. ( 8 )  r e p r e s e n t s  t h e  f i r s t  approximation o f  gn asymptot ic  

expansion f o r  t h e  l i m i t i n g  c a s e s  quoted, and i t  is g e n e r a l l y  p o s s i b l e  t o  

i n c r e a s e  t h e  accuracy of t h e  approximation by adding i n  some c o r r e c t i o n  terms. 

However, adding only  the n e x t  uniformly v a l i d  c o n t r i b u t i o n  f o r  a + 0, a + m ,  

b + 0 causes  t h e  formula t o  become very  much more complicated.  Moreover, 

t h e  comparison between eqn. (8) and t h e  numerical  results shown i n  Table 1 

i n d i c a t e s  t h a t  c o r r e c t i o n  terms a r e  n o t  r e a l l y  necessary .  

\ Although eqn. (8) seems t o  r e p r e s e n t  an a p p r o p r i a t e  approximation 

t o  t h e  o r i g i n a l  i n t e g r a l  I f o r  c u r r e n t  needs, i t  i s  d i f f i c u l t  t o  a n t i c i p a t e  

whether some cases  t h a t  seem unimportant now w i l l  prove t o  be s i g n i f i c a n t  

a t  a l a t e r  time. For t h i s  reason  and f o r  t h e  sake  of completeness,  c e r t a i n  

o t h e r  approximations to I a r e  given i n  Appendix 111, 

i 
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i ‘  
i 

b t  
1 

Approximate Representat ion o f  d t  5 J 

Frequently an estimate of t h e  p a r t i c l e  s i z e  d i s t r i b u t i o n  of t h e  

uncol lected material is  r equ i r ed  i n  a d d i t i o n  to  an o v e r a l l  e f f i c i e n c y  p red ic t ion .  

This would be important where s e v e r a l  c o l l e c t i n g  dev ices  are t o  b e  i n s t a l l e d  i n  

series. For example, i t  is  not  unconunon f o r  cyclones t o  b e  i n s t a l l e d  upstream 

of a p r e c i p i t a t o r .  

p a r t i c u l a t e s  escaping from t h e  cyclones would b e  used a s  t h e  f eed  t o  t h e  

p r e c i p i t a t o r ,  and t h e  c a l c u l a t i o n  r epea ted .  

Iq t h i s  case,  t h e  q u a n t i t y  and d i s t r i b u t i o n  of t h e  

To c a l c u l a t e  t h e  p a r t i c l e  s i z e  d i s t r i b u t i o n ,  it is d e s i r a b l e  t o  

approximate the  above i n t e g r a l  where z = h(dp /zp ) /b  is now a parameter i n  

a d d i t i o n  t o  a and b.  It  appears  p o s s i b l e  t o  do t h i s  i n  a manner analogous 

t o  t h a t  f o r  t h e  previous case ( z  + m ) .  Again, 

t h e  appendix (Appendix IV). The r e s u l t  is 

(z+Eb) 
e E +  ., 

2 
-Z - -  

L 2 ( l+b  ‘E) (z<t*) J A e 
n1,/2(1+b2E)1/2 

+b z where E s a e . 

t h e  d e t a i l s  are ind ica t ed  i n  

- 2  
f e-’ d s  

(9) 
~ z+bE s = -- 

21’2(1+b2E) ’I* 

Eqn. (9)  holds  only f o r  z<t * .  For z>t* ,  w e  have i n s t e a d  

\ 

b 

1 
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The approxina t ion  g iven  f o r  J i n  eqns'. (9) and (10) involve  t h e  w e l l  known 

e r r o r  func t ion  which is widely t a b u l a t e d  and f o r  which t h e r e  a r e  s imple  

computer approximations. '  

fol lowing t o  approximate w e l l  t o  t h e  i n t e g r a l  J. 

Formulas (9) and (10) are shown i n  example 1 

v p i c a l  Appl ica t ions  of  the R e s u l t s  

The above f u n c t i o n s  provide a n  a n a l y t i c a l  t o o l  t o  e v a l u a t e  t h e  

e f f e c t  of in le t  p a r t i c u l e  s i z e  d i s t r i b u t i o n  on c o l l e c t i o n  e f f i c i e n c y  a t  

c o n s t a n t  p r e c i p i t a t o r  f low and f i e l d  c o n d i t i o n s .  This t rea tment  i s . i n t e r m e d i a t e  

between t h e  s i m p l i f i e d  Deutsch equat ion based on a uniform p a r t i c l e  s ize , '  

eqn. (2) ,  and a d e t a i l e d  systems a n a l y s i s . 6  The use  of t h e s e  asymptot ic  

r e l a t i o n s h i p s  w i l l  b e  demonstrated i n  the numerical examples given below. 

Example 1 

Problem: 

Compute t h e  o v e r a l l  e f f i c i e n c y  of the p r e c i p i t a t o r  whose grade- 

e f f i c i e n c y  curve is given  i n  Fig.  2 o p e r a t i n g  on t h e  inlet  d u s t  d i s t r i b u t i o n  

shown i n  Fig.  1. Evalua te  t h e  p a r t i c l e  s i z e  d i s t r i b u t i o n  of t h e  uncol lec ted  

m a t e r i a l .  

I Solu t ion:  

By r e p l o t t i n g  Fig.  2 on semi-logarithmic c o o r d i n a t e s  as i n  Fig.  3 

and determiiiing the s l o p e ,  one f i n d s  k = 0.46 r e c i p r o c a l  microns. 

dp 
C E a1I2b = 2.42. 

From Fig .  1, 
- 

12 microns and a = 2.8. Therefore ,  a = kzp = 5.52, b-: i n  a -  1.03,  and 

From Fig .  5, Ab2 

-A2b2-A - 
1.42 g iv ing  A = 1.34. From eqn. ( a ) ,  

p 1 - 0.0654 a 93.4% 
e 2  

(1+Ab2)li2 (rounded down) 
n = 1 -  
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ese  c a l c u l a t i o n s  inc luding  a computer s o  J ion of  e q n .  (7) 

g i v e s  a n  e f f i c i e n c y  of 1-0.065436 compared t o  t h e  above f i g u r e .  An e f f i c i e n c y  

of  1-0.065370 is  obta ined  by d i r e c t  numerical i n t e g r a t i o n  of  eqn. (5). 

Agreement of these r e s u l t s  is e x c e l l e n t .  

The p a r t i c l e  s i z e  d i s t r i b u t i o n  i n  terms of t h e  f r a c t i o n  l o s t  

below a given s i z e  can b e  found by cons ider ing  t h e  i n t e g r a l  J wi th  upper 

l i m i t  g iven by z = Iln (d /x ) / b .  

depending upon t h e  va lue  of z .  To o b t a i n  t h e  cumulative p a r t i c l e  s i z e  

d i s t r i b u t i o n ,  J must b e  d iv ided  by I,  t h e  i n f i n i t e  i n t e g r a l .  The r e s u l t s  

of  t h e s e  c a l c u l a t i o n s ,  s e t  f o r t h  i n  Table 2 ,  show q u i t e  good agreement f o r  

t h i s  example. 

J can be  approximated by eqns. (9)  or (10) 
P P  

I n  addi t ion ,  t h e  preceding c a l c u l a t i o n s  can b e  compared w i t h  a 

The i n l e t  d u s t  d i s t r i b u t i o n  i s  broken up more commonly employed method. 

i n t o  a f i n i t e  number of  narrow s i z e  ranges,  t h e  amount c o l l e c t e d  f o r  each 

range i s  determined, and t h e s e  va lues  a r e  summed t o  f i n d  t h e  o v e r a l l  c o l l e c t i o n  

e f f i c i e n c y .  An example of t h i s  procedure is given by Stairmand. a’ lo The 

c a l c u l a t i o n s  a r e  summarized i n  Table  3 .  The o v e r a l l  c o l l e c t i o n  e f f i c i e n c y  

is a g a i n  93.4%. The d i s t r i b u t i o n  of escaping m a t e r i a l  i s  s l i g h t l y  f i n e r  

than  t h e  d i s t r i b u t i o n  obta ined  by d i r e c t  numerical  i n t e g r a t i o n  of t h e  func t ion  

4 ,  shown previously i n  Table  2 .  

w i t h  2 

and t h e  one obtained us ing  t h e  asymptot ic  express ions .  

The “exact”  numerical  i n t e g r a t i o n  d i s t r i b u t i o n ,  

of 2 . 7  microns and IJ of  1 . 9 ,  l ies  between t h i s  approximate d i s t r i b u t i o n  
P 
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For t h i s  i l l u s t r a t i v e  c a l c u l a t i o n ,  e n t r i e s  i n  T a b l e  3 correspond- 

i n g  t o  t h e  i n l e t  p a r t i c l e  s i z e  and c o l l e c t i o n  e f f i c i e n c y  have been computed 

from t h e  a p p r o p r i a t e  f u n c t i o n a l  forms r a t h e r  than g r a p h i c a l l y  as might normally 

be done f o r  a r o u t i n e  c a l c u l a t i o n .  The d i f f e r e n c e s  i n  e f f i c i e n c y  and d i s t r i -  

bu t ion  a r e  t h e r e f o r e  caused only from tak ing  a s e r i e s  of  f i n i t e  i n t e r v a l s  

i n  which the  c o l l e c t i o n  e f f i c i e n c y  is assumed t o  b e  c o n s t a n t  a t  its midpoint 

value.  

In  t h i s  example, t h e  asymptot ic  a n a l y t i c a l  express ions  der ived 

i n  t h i s  paper have been shown t o  produce an  o v e r a l l  e f f i c i e n c y  equiva len t  

t o  t h a t  obtained from d i r e c t  numerical  i n t e g r a t i o n  and a commonly employed 

approximate technique.  I n  a d d i t i o n ,  t h e  p a r t i c l e  s i z e  d i s t r i b u t i o n s  of a l l  

.. - t h r e e  methods are roughly comparable, wi th  d i f f e r e n c e s  of t h e  order  of 

a few percent .  

hand c a l c u l a t i o n s  when only  t h e  o v e r a l l  e f f i c i e n c y  is  d e s i r e d .  

The asymptot ic  f u n c t i o n s  are e s p e c i a l l y  a t t r a c t i v e  f o r  
b. 

When a complete 

\ p a r t i c l e  size d i s t r i b u t i o n  i s  r e q u i r e d ,  t h e  c a l c u l a t i o n s  involv ing  eqcs.  (9) 

and (10) a r e  more t e d i o u s  than t h e  method o u t l i n e d  by Stairmand, which would 

probably b e  used.  When computer f a c i l i t i e s  are a v a i l a b l e ,  t h e  asymptot ic  

f u n c t i o n s  represent  a savings  i n  computer time over  a s t a n d a r d  numerical  

q u a d r a t u r e  and are expected t o  r e q u i r e  about  the same o r d e r  of magnitude 

of t i m e  a s  t h a t  used by t h e  Stairmand type of c a l c u l a t i o n .  

Example 2 

Problem: 

To i n c r e a s e  c o l l e c t i o n  e f f i c i e n c y ,  t h e  p r e c i p i t a t o r  of example 1 

i s  t o  b e  doubled i n  s i z e  by i n c r e a s i n g  t h e  l e n g t h  of  its p l a t e s  i n  t h e  

d i r e c t i o n  of g a s  f low.  Calcu la te  t h e  new e f f i c i e n c y  account ing f o r  p a r t i c l e  

' s i z e  d i s t r i b u t i o n  and by us ing  t h e  s i m p l i f i e d  Deutsch equat ion.  
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Solu t ion:  

To account f o r  a change i n  p l a t e  l e n g t h ,  one must vary k which 

is  d i r e c t l y  propor t iona l  t o  t h i s  dimension. I n  example 1, t h e  parameters 

of t h e  i n l e t  dus t  and k = 0.46 l e d  t o  an e f f i c i e n c y  of 93.4%. 

s i z e  is  doubled, k becomes 0.96 and t h e  computation proceeds i n  a s i m i l a r  

When t h e  

manner, giving an e f f i c i e n c y  of 97.9%. 

This c a l c u l a t i o n  can b e  compared t o  an e n t i r e l y  d i f f e r e n t  

technique.  As is sometimes done, eqn. (Z), t h e  s i m p l i f i e d  Deutsch equat ion 

f o r  a monodisperse p a r t i c u l a t e ,  can be employed and thereby circumvent t h e  

use of an  i n t e g r a l  and a l l  t h e  d i f f i c u l t i e s  involved i n  its eva lua t ion .  I n  

t h i s  procedure, t h e  observed 93.4% e f f i c i e n c y  can b e  used t o  f i x  t h e  va lue  

of t h e  argument of t h e  exponent ia l  a t  2 . 7 .  Doubling t h e  p l a t e  length  makes 

t h i s  parameter 5 .4  and g i v e s  an  e f f i c i e n c y  of 99.5%. Although t h c  two 

e f f i c i e n c i e s ,  97.9% and 99.5%, appear c lose ,  t h e  l o s s  rates d i f f e r  s i g n i f i -  

c a n t l y  by a f a c t o r  of 4.  

The e f f i c i e n c y  a s  a f u n c t i o n  of length  is p l o t t e d  i n  F ig .  6 .  

The asymptot ic  express ion  g ives  t h e  e f f i c i e n c y  shown by t h e  s o l i d  curve, 

whi le  the  s impl i f ied  Deutsch equat ion produces t h e  broken l i n e .  The two 

provide equiva len t  results only i n  t h e  v i c i n i t y  of 93.4% e f f i c i e n c y  where 

t h e  Deutsch equat ion exponent w a s  f i t t e d .  

Thus, t h e  Deutsch equat ion p r e d i c t s  a g r e a t e r  e f f i c i e n c y  a t  a 

given increment i n  l e n g t h  or  a s h o r t e r  a d d i t i o n a l  l e n g t h  requi red  t o  achieve 

a given i n c r e a s e  i n  e f f i c i e n c y .  This i s  t h e  same scrt of behavior  demonstrated 
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Solu t ion:  

To account  f o r  a change i n  p l a t e  l e n g t h ,  one must vary  k which 

i s  d i r e c t l y  p r o p o r t i o n a l  to  t h i s  dimension. I n  example 1, t h e  parameters 

of  t h e  i n l e t  d u s t  and k = 0.46 l e d  t o  an  e f f i c i e n c y  of 93.4%. When t h e  

s i z e  is doubled, k becomes 0.96 and t h e  computation proceeds i n  a s i m i l a r  

manner, giving an e f f i c i e n c y  of 97.92. 

This c a l c u l a t i o n  c a n  b e  compared t o  an e n t i r e l y  d i f f e r e n t  

technique.  As is  sometimes done, eqn. (2 ) ,  t h e  s i m p l i f i e d  Deutsch equat ion 

f o r  a monodisperse p a r t i c u l a t e ,  can b e  employed and thereby circumvent t h e  

u s e  of a n  i n t e g r a l  and a l l  t h e  d i f f i c u l t i e s  involved i n  its eva lua t ion .  In  

t h i s  procedure, t h e  observed 93.42 e f f i c i e n c y  can b e  used t o  f i x  t h e  value 

of t h e  argument of t h e  exponent ia l  at  2.7 .  

t h i s  parameter 5.4 an21 g i v e s  an e f f i c i e n c y  of 99.5%. Although t h e  two 

Doubling the p l a t e  length  makes 

e f f i c i e n c i e s ,  97.9% and 99.5%, appear  c l o s e ,  t h e  l o s s  r a t e s  d i f f e r  s i g n i f i -  

c a n t l y  by a f a c t o r  of 4. 

The e f f i c i e n c y  a s  a f u n c t i o n  of length  is p l o t t e d  i n  Fig.  6. 

The asymptot ic  e x p r e s s i o n  g i v e s  t h e  e f f i c i e n c y  shown by t h e  s o l i d  curve, 

whi le  t h e  s i m p l i f i e d  Deutsch equat ion produces the broken l i n e .  The two 

provide equiva len t  r e s u l t s  on ly  i n  the  v i c i n i t y  of  93.4% e f f i c i e n c y  where 

t h e  Deutsch equat ion exponent was f i t t e d .  

Thus, t h e  Deutsch equat ion  p r e d i c t s  a g r e a t e r  e f f i c i e n c y  a t  a 

given increment i n  l e n g t h  or  a s h o r t e r  a d d i t i o n a l  l e n g t h  requi red  to  achieve 

a given i n c r e a s e  i n  e f f i c i e n c y .  This i s  t h e  same s o r t  of behavior  demonstrated 
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TABLE 2 

COMPARISON OFAPPROXIPIATE AND. NUElERI CALLY INTEGRATED UNCOLLECTED 
PARTICLE S I Z E  DISTRIBUTIONS FOR EXAPPLE 1 

Cum. Wt.% J(numerical) * cum. Wt.% (approx :I d (microns) 
P 

1 0.00557 8.5 0.00563 '8.6 
2 0.0209 32.0 0.0219 33.5 . 
3 0.0347 53.1 0.0372 56.9 

. .  

4 
5 
6 
7 
8 

9 
10 

m 

0.0471 
0.0537 
0.0579 
0.0607 
0.0624 
0.0635 
0.'0642 
0.065436 

72.0 
82.1 
88.5 
92.8 
95.4 
97.1 
98.2 
100. 

0.0481 
0.0550 
0.0592 
0.0618 
0.0632 
0.0641 
0.0646 
0.065370 

73.6 
84.1 
90.5 
94.5 
96.6 
98.0 
98.8 
100. 

'. . 

'\ 
*In this example, d a 2.96 corresponds to z=t* and is therefore where we 
switch from eqn. ( 9 )  to eqn. (10). 

P 
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Nota t ion  

- 
a = kdp . .  
A = a e  b t*  = -Cu*/b2 = - t*/b 

A = a r e a  o f  c o l l e c t i o n  p l a t e s  

b t n o  
P 

C = a  1/2b 

d = p a r t i c l e  d iameter  

d = mass median d iameter  

e = base  of n a t u r a l  logar i thms 

E = ae 

P 

P 
- 

bz 

Eo = charging electrical f i e l d  i n t e n s i t y  

E = c o l l e c t i o n  e l e c t r i c a l  f i e l d  i n t e n s i t y  

I = i n f i n i t e  i n t e g r a l  i n  eqn. (5) 

J = i n t e g r a l  I w i t h  v a r i a b l e  upper l i m i t  

P 

.. 

k - c o l l e c t i o n  parameter  -. 
Q = gas  volumetr ic  f low 

s = v a r i a b l e  of i n t e g r a t i o n  

t = v a r i a b l e  of i n t e g r a t i o n  

w e f f e c t i v e  m i g r a t i o n  v e l o c i t y  

z 

Greek Letters 

= v a r i a b l e  upper l i m i t  of i n t e g r a l  J = tn (dp/zp) /b  

c o l l e c t i o n  e f f i c i e n c y  

= gas v i s c o s i t y  

n numerical c o n s t a n t  

u a geometric s t a n d a r d  d e v i a t i o n  
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Appendix I 

The solut ic+i  of u* + CeCU* = 0. 

This  e q u a t i o n  is  e a s i l y  solved numer ica l ly  by means of a s u i t a b l e  

i n t e r a t i o n  method if a p p r o p r i a t e  s t a r t i n g  va lues  a r e  used. S u i t a b l e  

procedures i n c l u d e  t h e  Newton method o r  t h e  o r d i n a r y  i t e r a t i o n  method 

a c c e l e r a t e d  by means of t h e  6 2 p r o c e ~ s . ~  The latter method w a s  used t o  

’ o b t a i n  t h e  numer ica l  v a l u e s  shown i n  Fig.  5 and Table A-1. Asymptotic 

s o l u t i o n s  of t h e  e q u a t i o n  were used t o  y i e l d  reasonable  s t a r t i n g  values .  

2 The two asymptot ic  s o l u t i o n s  f o r  -Cu* 5 Ab are 

I and 

G 2 ( C )  = ,211n C - lln(2Pn .C) (C -+ 

(Al-1) 

(Al-2)  

-.. These two asymptotes  are compared w i t h  t h e  numerical  v a l u e s  i n  Table A-1. 

S ince  t h e  C +  s o l u t i o n ,  eqn. (Al-2) i n v o l v e s  a logar i thmic  s c a l e ,  i t  only 

becomes a c c u r a t e  a t  extremely l a r g e  (and i m p r a c t i c a l )  v a l u e s  of  C. However, 

i t  w a s  observed t h a t  t h e  d i f f e r e n c e  between t h e  numerical  va lues  and eqn. 

(Al-2) is n e a r l y  c o n s t a n t  f o r  C 

are seen t o  y i e l d  a c c u r a t e  r e s u l t s  f o r  C 2 2.5 .  

\ 

2.5,and thus  i n  t h e  t a b l e  va lues  o f  G2(C)+0.3 

The asymptot ic  s o l u t i o n s  g iven  above a r e  very u s e f u l  i n  t h e  asymptot ic  

a n a l y s i s  of t h e  i n t e g r a l  I. Eqns. (Al-1) and (Al-2) show t h e  asymptot ic  

behavior  of t h e  q u a n t i t y  A w i t h  r e s p e c t  t o  a and b. 

and f o r  a -+ 01, A + 2 l!n(al”b) . 
For a o r  b + 0, A + a 

b2 
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TAL3I.E A-1 

COPPARISON OF NLPICRICAL hill ASYX‘TOTIC SOLUTIONS OF EQN. (7) 

Numerical Asxnp t o t ic 
G (C) + 0 . 3  -CU* = Ab G I U  -2- G (C) -2 

2 C - 
0 0 0 
0.1 0.0099 0.0099 
0.3 0.0828 0.0828 
0.5 0.2039 0.2040 
1 0.5671 0.5614 
2 1.202 1.176 1.060 1.360 
2.5 1.456 1.372 1.227 1.527 
3 1.679 1.513 1.410 1.710 
4 2.053 1.753 2.053 
5 2.360 2.050 2.350 
6 2.620 2.307 2.607 
8 3.045 2.734 3.034 
10 3.386 3.078 3.378 
20 4.490 4.201 4.501 
1000 11.38 11.19 11.49 
10,000 15.67 15.51 

’\ 
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Appendix I1 

m c* rn c - 

We proceed by s p l i t t i n g  the i n t e g r a l  by means of I_, =L +[* where t* 

is the s o l u t i o n  of eqn.  (6) .  

F i r s t  consider  12, which t u r n s  o u t  t o  b e  much easier t o  ana lyze  than 

I (It happens that  to  t h e  f i r s t  approximation, I and I2 are equa l ) .  By 

t r a n s l a t i n g  t h e  o r i g i n  of coord ina te s  t o  t* through t-t* = u, w e  g e t  

m 
Thus I = I +I where I1 = t* and I2 = si** 1 2  I, 

1’ 1 

bu -bLAL 
2 Ie$+ Abu -Ae 

I2 = e du 

(2n)1/2 u=o 

(A2-1) . 

Since  t h e  new i n t e g r a n d ,  by way of i ts  c o n s t r u c t i o n ,  is a maximum near u=O, 

i t  is n a t u r a l  t o  approximate t o  t h e  i n t e g r a n d  i n  t h i s  v i c i n i t y  i n  hopes t h a t  

though t h e  approximation may no t  be good i n  o t h e r  r eg ions ,  these r e g i o n s  con- 

t r i b u t e  only a sma l l  p a r t  t o  t h e  i n t e g r a l .  

- .. 

--. 
The b e s t  procedure seems t o  be 

\ t h e  fol lowing.  Write 

2 2  b u  2 2  

2 2 .  
ebu = 1 + bu + - b u  + e b u - l - b u - -  

Then expand t h e  e x p o n e n t i a l  i n  eqn. (A2-1) t o  get 

2 2  

2 m 
-b A -A 

2 2  b u  1 
2 [l-A(ebu - 1 - bu - -). .] du (A2-2) 

( 2 n ) l l 2  2 
1 

where t h e  e r r o r  i n c u r r e d  by t a k i n g  1 f o r  t h e  q u a n t i t y  i n  squa re  b racke t s  is 

nega t ive  and less  i n  magnitude than t h e  nex t  t e r m .  



By performing t h e  i n t e g r a t i o n  we g e t  
.- In (A2-3) 

1 f2b  2 112 
-bLAL 

e-' d s  - ($) - - - - 2 -A 

I 2 = e  (2') (2g) ' 3 / 2 ) * * ]  
ss-b 

2 (2g) ll2 where g : ( 1  + b A)  

The e r r o r  made by approximating t h e  q u a n t i t y  i n  squa re  b r a c k e t s  by t h e  f i r s t  

term is nega t ive  and less i n  magnitude than t h e  nex t  term. It is  e a s i l y  shown 

eqn. (A2-3) t h a t  t h e  r e l a t i v e  e r r o r  a s s o c i a t e d  with using j u s t  t h e  f i r s t  term 

i n  square b racke t s  goes t o  z e r o  f o r  e i t h e r  a + 0, a + m o r  b + 0. The 

i n t e g r a l  I is transformed by means o f  t* - t = s and becomes 

(A2-4) 

Here aga in  t h e  in t eg rand  is approximated nea r  i ts  maximum ( ~ 0 )  and t o  a f i r s t  

approximation f o r  e i t h e r  a + 0, a + o r  b -+ 0 
\ 

2 2  

2 
-b A -A 

I1 -+ e 2g1/2 

\ 

However, i n  t h e  c a s e  of  11, t h e  demonstrat ion of  t h e  v a l i d i t y  of t h i s  r e s u l t  

is much more involved than i t  was i n  t h e  c a s e  of I and t h e  l eng thy  d e t a i l s  2 

are omit ted.  
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2 b t  
m -t - ap 

d t  1 2 
Other Asymptotic Expansions t o  I = - 

For b -f -, I + 1 / 2  i n  accordance with '  

(A3-1) 

Note t h e  curve f o r  b=25 of F ig .  4 is approaching t h i s  l i m i t .  

For b -+ 0 w e  have 

(A3-2) 

Eqn. (A3-2) i s . u s e f u 1  s i n c e  i t  h a s  t h e  proper ty  t h a t  t h e  e r r o r  made by tak ing  

t h e  t e r m  i n  s q u a r e  b r a c k e t s  equal  t o  1 i s  n e g a t i v e  arid less i n  magnitude than 

-. .. For a + 0 

2 

b2 2 2b2 a 3 e r  2 a e  

9D 2 . 2  b i  
- 1-2 i = u  ( - 1 ) i a i e F  i: = 1-ae +r-- 3: .. -.. 

\ 
(A3-3) 

This series d i v e r g e s  f o r  any b > 0, b u t  i t  i s  asymptot ic  i n  t h e  s e n s e  t h a t  

t h e  e r r o r  is of  t h e  same s i g n  as t h e  f i r s t  neglec ted  term and l e s s  than i t  

i n  magnitude. 

small v a l u e s  of a. 

Therefore ,  t h e  series is  of use computat ional ly  f o r  s u f f i c i e n t l y  
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2 b t  z -t -ae 1 Evaluat ion of - d t  = J 

It is convenient  t o  consider  s e p a r a t e l y  t h e  c a s e s  z < t* and z > t". 

For z < t*, t h e  maximum of t h e  integrand is  a t  z and accord ingly  w e  move t h e  

o r i g i n  of coord ina tes  t o  z and approximate t o  t h e  in tegrand  i n  t h i s  v i c i n i t y .  

Thus J becomes 

bz where E E a e  

By approximating t h e  exponent ia l  near  w = 0, w e  g e t  

(A4-1) 

The i n t e g r a l  appearing i n  eqn. (A4-2) i s  j u s t  t h e  complementary e r r o r  func t ion  

which is widely tabula ted  and f o r  which t h e r e  are simple computer approximations. 

m m  - 

For z > t*, i t  is  convenient  t o  c a l c u l a t e  J by means of K = I - j -- 2.  

Then an  approximation of t h e  type discussed i n  t h e  previous peragraph .g ives  

2 (bE4-z) 
-2 

e2 ( 1+b2E) - - E  2 

m 

(A4-3) 

Note t h a t  f o r  z = t* t h e  sum of t h e  approximations t,o 1. and Jz j u s t  adds 

up t o  t h e  approximation given fot 

' 


