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INTRODUCTION 

Di f fus ion i n t o  coals  i s  o f  cons iderable techno log ica l  importance s ince 
many coal mod i f i ca t i on  processes, such as d i r e c t  l i q u e f a c t i o n ,  d e s u l f u r i z a t i o n ,  
deminera l izat ion,  and chemical modi f icat ion,  i nvo l ve  d i f f u s i o n  o f  l i q u i d s  o r  gasses 
i n t o  the coal .  Add i t i ona l l y ,  much of the fundamental chemical research on coals  
requ i res  d i f f u s i o n  of l i q u i d s  o r  d isso lved reagents i n t o  the  coal so t h a t  react ions 
can occur. Precise i n t e r p r e t a t i o n  o f  these experiments o f t e n  requ i res  an 
understanding of the d i f f u s i o n a l  behavior. The r a t e  t h a t  reactants  d i f f u s e  i n t o  the 
p a r t i c l e s  i s  o f ten a r a t e - l i m i t i n g  step. 
p a r t i c l e s  i n  the  coal s l u r r y  g rea t l y  complicates the  o v e r a l l  d i f f u s i o n  k i n e t i c s ,  and 
unless t h i s  heterogenei ty  i s  proper ly  taken i n t o  account i t  can lead t o  erroneous 
analyses of t he  process. There i s  in format ion i n  the  l i t e r a t u r e  on t h e  d i f f u s i v e  
uptake of f l u i d s  by d i f f e r e n t l y  shaped s ing le  p a r t i c l e s  f o r  var ious concen t ra t i on -  
dependent d i f f us ion  c o e f f i c i e n t s  ( l ) ,  and the re  i s  some l i t e r a t u r e  on d i f f u s i o n  i n t o  
coals (2.3). 
d i s t r i b u t i o n  on the  d i f f u s i v e  uptake o f  coals i n  a s l u r r y  i s  ava i l ab le .  The 
o b j e c t i v e  o f  t h i s  paper i s  t o  determine the range o f  d i f f u s i v e  uptake behaviors  
which can r e s u l t  from the d i f f e r e n t  p a r t i c l e  shapes and t h e  p a r t i c l e  s i z e  
d i s t r i b u t i o n .  

Coal samples are commonly prepared by breaking down the  coal u n t i l  i t  i s  
below a se lected mesh s ize.  
p a r t i c l e  sizes. Sometimes mesh cuts o f  the coal are taken i n  which on ly  t h a t  coal 
which passes through a se lected l a rge r  mesh size, but  not  through a se lec ted  smaller 
mesh size, i s  u t i l i z e d .  This  reduces the breadth o f  the s i ze  d i s t r i b u t i o n ,  but  even 
i n  the l i m i t  o f  an i n f i n i t e l y  narrow mesh cu t  t he re  w i l l  s t i l l  be considerable 
v a r i a t i o n s  i n  the d i f f u s i v e  uptake o f  the various p a r t i c l e s  due t o  t h e  wide range o f  
shapes t h a t  r e s u l t  from t h e  breakdown or f r a c t u r e  process, and a l so  due t o  t h e  
cracks and heterogenei ty  o f  the coa l ' s  microst ructure.  

s i z e  d i s t r i b u t i o n ,  we adopted the  fo l l ow ing  s t ra tegy.  F i r s t ,  s ince t y p i c a l  
d i s t r i b u t i o n s  of p a r t i c l e  shapes present i n  coal samples are unknown, t o  determine 
t h e  range o f  d i f f u s i v e  uptake behavior caused by having d i f f e r e n t  p a r t i c l e  shapes i n  
the s lu r r y ,  we ca l cu la te  d i f f u s i v e  uptakes f o r  both slab-shaped p a r t i c l e s  ( w i t h  
i n f i n i t e  he ight - to-width r a t i o s )  and spher ica l  p a r t i c l e s .  Most o the r  p a r t i c l e  
shapes can be considered t o  be in termediate between these two shapes, so t h e i r  
uptakes can be expected t o  f a l l  i n  between these two extreme cases. Thus, these 
p a i r s  o f  uptake ca l cu la t i ons  bracket the range o f  d i f f u s i v e  uptakes f o r  most 
p a r t i c l e  shapes, and therefore bracket the uptakes f o r  most d i s t r i b u t i o n s  o f  
p a r t i c l e  shapes. 

To determine the e f f e c t s  o f  t he  d i s t r i b u t i o n  o f  p a r t i c l e  sizes, f o r  each 
p a r t i c l e  shape (s lab  o r  sphere) we ca l cu la te  the  d i f f u s i v e  uptakes o f  both a s i n g l e  
p a r t i c l e  and a s l u r r y  o f  d i f f e r e n t l y  s ized p a r t i c l e s  w i t h  t h a t  shape. The p a r t i c l e  
s i ze  d i s t r i b u t i o n  used was obta ined from an experimental study o f  b a l l  m i l l i n g  o f  
coal  by P. Luckie, e t  a l .  a t  Pennsylvania State U n i v e r s i t y  (41 ,  so t h e  d i s t r i b u t i o n  
i s  re levent  t o  actual  coal s l u r r i e s .  While these i n v e s t i g a t o r s  found t h a t  t h e r e  
were some va r ia t i ons  i n  the measured p a r t i c l e  s i z e  d i s t r i b u t i o n  depending on the 
experimental condi t ions,  a t y p i c a l  d i s t r i b u t i o n  i s  approximated by 

The v a r i e t y  o f  shapes and s i zes  o f  

However, no in format ion concerning the  e f f e c t  o f  t he  p a r t i c l e  s i z e  

This procedure r e s u l t s  i n  a wide d i s t r i b u t i o n  o f  

To assess the ef fects  o f  the d i f f e r e n t  p a r t i c l e  shapes and o f  t h e  p a r t i c l e  

I 
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W ( R )  = 1 f o r  0 R < Ro 
= 0 f o r  R > Ro , 

where W(R)dR i s  the weight f r a c t i o n  ( o r  volume f r a c t i o n )  o f  p a r t i c l e s  whose s ize R 
i s  between R and R + dR. Ro, o f  course, gives the  upper l i m i t  on t h e  sizes o f  t h e  
p a r t i c l e s .  For spher i ca l  p a r t i c l e s  R i s  t he  p a r t i c l e  radius. For slab-shaped 
p a r t i c l e s ,  R i s  the ha l f - t h i ckness  o f  the p a r t i c l e .  The p a r t i c l e  s i z e  d i s t r i b u t i o n  
g iven by Eq. 1 i s  t h e  d i s t r i b u t i o n  we use for  a l l  s l u r r y  ca l cu la t i ons  i n  t h i s  paper. 

Besides t h e  v a r i a t i o n s  i n  p a r t i c l e  shapes and s izes,  t he re  are a number o f  
o t h e r  fac to rs  which compl icate d i f f u s i o n  i n  coal. These fac to rs  inc lude the  cracks 
and holes through the  coal, the v a r i e t y  o f  macerals having d i f f e r e n t  chemical and 
phys ica l  p roper t i es  which make up the coal, the heterogenei ty  o f  t he  s t r u c t u r e  even 
w i t h i n  i n d i v i d u a l  macerals, and the e f f e c t s  o f  in termacera l  i n te r faces  and minera l  
mat ter  (5) .  These he te rogene i t i es  o f  the coal s t ruc tu res  w i l l  not be e x p l i c i t l y  
t rea ted  i n  t h i s  paper, but they may cause subs tan t i a l  dev iat ions from the usual 
d i f f u s i o n a l  behavior. The e f f e c t s  o f  p a r t i c l e  shape and p a r t i c l e  s i z e  d i s t r i b u t i o n s  
which are t rea ted  here should g i ve  a q u a l i t a t i v e  i n d i c a t i o n  o f  the s o r t s  o f  
dev iat ions which might  r e s u l t  from these heterogenei t ies.  

FORMULATION OF THE MODELS 

I n  t h i s  sec t i on  the  d i f f u s i o n  models being considered are discussed 
b r i e f l y ,  and the mathematics desc r ib ing  the models i s  formulated. Two d i s t i n c t  
modes o f  d i f f u s i o n  are t reated,  F ick ian d i f f u s i o n  (6) and Case I1  d i f f u s i o n  ( 7 ) .  
F ick ian d i f f u s i o n  i s  t h e  common form o f  d i f f u s i o n  i n  which the r a t e  o f  f low o f  t he  
penetrant i s  r e l a t e d  t o  t h e  concentrat ion gradient  by a p r o p o r t i o n a l i t y  f ac to r ,  
D(c), which i s  c a l l e d  the d i f f u s i o n  c o e f f i c i e n t .  For F ick ian d i f f u s i o n ,  t he  
concentrat ion c ( t , x )  o f  t he  penetrant w i t h i n  a p a r t i c l e  obeys the  f o l l o w i n g  
equation : 

ac a t  = $-D(c)$c 

For F ick ian d i f f u s i o n ,  D i s  e i t h e r  a constant  or  i s  an e x p l i c i t  f unc t i on  o f  the 
concentrat ion c. D i f f u s i o n  c o e f f i c i e n t s  which are non-decreasing funct ions o f  
concentrat ion can be expected f o r  the d i f f u s i o n  o f  most penetrants i n t o  coal, so 
on ly  these are considered i n  t h i s  paper. 

We impose the  boundary and i n i t i a l  cond i t i ons  

c = c* a t  t he  p a r t i c l e ' s  sur face 
c = o  a t  t ime t = 0 w i t h i n  the p a r t i c l e .  

Here the ( f i x e d )  concen t ra t i on  c* i s  the concentrat ion o f  penetrant w i t h i n  the  coal 
p a r t i c l e  which would be i n  e q u i l i b r i u m  w i t h  the  concentrat ion of penetrant i n  the 
so lut ion;  i.e., c* i s  t he  sa tu ra t i on  concentrat ion o f  the penetrant w i t h i n  t h e  
coa l .  By us ing Eq. 3.1, we are assuming t h a t  the external  surface of the p a r t i c l e  
i s  i n  e q u i l i b r i u m  w i t h  the so lu t i on .  By t a k i n g  c* t o  be constant i n  t ime, we are 
assuming t h a t  t h e  s l u r r y  i s  w e l l - s t i r r e d  and t h a t  the deplet ion o f  t h e  penetrant i n  
the so lu t i on  i s  n e g l i g i b l e .  (Mainta in ing the  proper boundary cond i t i ons  i n  
experiments we wish t o  i n t e r p r e t  i s  c r u c i a l .  
procedure i s  t o  a l l ow  a penetrant  t o  d i f f u s e  from a l i q u i d  resevo i r  through an i n e r t  
gas t o  reach the p a r t i c l e s .  However, t h i s  procedure genera l ly  w i l l  not maintain the  
boundary cond i t i on  (Eq. 3.1) s u f f i c i e n t l y  accurate ly ,  which may g r e a t l y  pe r tu rb  the  
r e s u l t s ) .  
no penetrant a t  the s t a r t  o f  t he  experiment. Once the  penetrant concentrat ion 
c ( t , x )  w i t h i n  a p a r t i c l e  has been determined from Eqs. 2, 3.1 and 3.2, the 
p a r t i c l e ' s  uptake o f  penetrant  a t  t ime t, m( t ) ,  i s  found by i n t e g r a t i n g  over the 
p a r t i c l e ' s  volume: 

(4) m ( t )  = { i $c ( t , ? )dV .  

For example, a f requent  experimental 

The i n i t i a l  condi t ion,  Eq. 3.2 simply s ta tes  t h a t  the p a r t i c l e s  conta in  
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For the  condi t ions o f  Eqs. 3,  t h e  uptake w i l l  be p ropor t i ona l  t o  Jt f o r  a semi- 
i n f i n i t e  medium so f o r  any reasonably shaped p a r t i c l e  it w i l l  be p ropor t i ona l  t o  
Jt a t  small enough times. 

d i f fus ion,  but which are a l so  governed by Eqs. 2-4. 
F i ck ian  d i f f u s i o n  and chemical reac t i on  w i t h i n  the p a r t i c l e s ,  and i f  the  r e a c t i o n  
proceeds much more r a p i d l y  than the d i f f u s i o n  (so  d i f f u s i o n  i s  the r a t e - l i m i t i n g  
s tep) ,  then the d i f f u s i v e  uptake o f  the substance by a p a r t i c l e  i s  again g iven by 

which represent extremes i n  the concentrat ion dependence. 
simply a constant d i f f u s i o n  c o e f f i c i e n t  

There i s  an important c lass  o f  problems which do no t  i nvo l ve  pure 
I f  a substance undergoes both 

Eqs. 2-4. 
Among a l l  non-decreasing d i f f u s i o n  c o e f f i c i e n t s  D(c), t h e r e  are two cases 

One extreme case i s  

(5.1) D(c) = Do f o r  a l l  C. 

The other  extreme case i s  found by consider ing a d i f f u s i o n  c o e f f i c i e n t  which i s  zero 
up t o  near ly  the sa tu ra t i on  concentrat ion c*. but  j u s t  shor t  o f  t h i s  concen t ra t i on  
the  c o e f f i c i e n t  jumps t o  a l a r g e  value and remains f i x e d  u n t i l  sa tu ra t i on .  
Mathematically, t h i s  d i f f u s i o n  c o e f f i c i e n t  i s  

(5.2) D (C)  = 0 f o r  c "< c* - E 

= 0 f o r  c*-E < c < c* , 

where A i s  a constant, and E/C* < < 1. This  second extreme case i s  obta ined by 
l e t t i n g  E become a r b i t r a r i l y  small and thereby take the  l i m i t  as E + 0 . 

We assert t h a t  the normalized uptake curve m( t )  f o r  any non-decreasing 
d i f f u s i o n  c o e f f i c i e n t  D(c) always l i e s  i n  between t h e  normalized uptake curves 
ca l cu la ted  f o r  the two extreme cases given by Eq. 5.1 and Eq. 5.2 ( i n  the l i m i t  of 
E + 0).  (The normal izat ion o f  t he  uptake curves i s  discussed i n  t h e  next  sect ion. )  
Thus, t he  uptake curves ca l cu la ted  us ing t h e  two extreme d i f f u s i o n  c o e f f i c i e n t s  
bracket the range o f  uptake curves f o r  a l l  non-decreasing d i f f u s i o n  c o e f f i c i e n t s  
D(c). 
concentrat ion dependent d i f f u s i o n  c o e f f i c i e n t s  i nc lud ing ,  f o r  example, d i f f u s i o n  
c o e f f i c i e n t s  which increase exponen t ia l l y  w i t h  concentrat ion.  I n  a l l  cases the  
uptake curves remained between the  two extremes. As we s h a l l  see, f o r  s l u r r y  
systems these two extreme cases y i e l d  normalized uptake curves which l i e  
s u r p r i s i n g l y  c lose together .  So the ,curves f o r  a l l  non-decreasing d i f f u s i o n  
c o e f f i c i e n t s  l i e  c lose together .  

be described by s i m i l a r  equations. I n  Case I 1  d i f f u s i o n  there i s  a sharp 
penetrat ion f r o n t  t h a t  propagates i n t o  t h e  m a t r i x  ma te r ia l  a t  a constant  v e l o c i t y ,  
so the i n i t i a l  uptake o f  penetrant i s  l i n e a r  i n  t ime. Ahead o f  t he  f r o n t  t he  
concentrat ion i s  near ly  zero, and behind the  f r o n t  the concentrat ion i s  nea r l y  
constant. Then f o r  Case I1 d i f f u s i o n ,  the concentrat ion c ( t , x )  o f  penetrant  a t  
p o s i t i o n  t i n  a p a r t i c l e  i s  given by 

We have tes ted  t h i s  asse r t i on  w i t h  a very l a rge  number o f  d i f f e r e n t  

Case I 1  d i f f u s i o n  i s  d i s t i n c t l y  d i f f e r e n t  from Fick ian d i f f u s i o n  and cannot 

c ( t , x )  = c* i f  s /< v t  
= O  i f s > v t ,  

where s i s  the d is tance from the  p o i n t  t t o  the  p a r t i c l e ' s  surface, and v i s  t h e  
v e l o c i t y  o f  the pene t ra t i on  f r o n t .  
absorpt ion o f  the penetrant r e s u l t s  i n  a t r a n s i t i o n  o f  t he  ma t r i x  ma te r ia l  from a 
p l a s t i c  t o  a rubbery o r  viscous s ta te .  Since some l i q u i d s  are known t o  t rans fo rm 
some coals from a p l a s t i c  t o  a rubbery s t a t e  (8,9), Case I1 d i f f u s i o n  o r  behavior 
in termediate between Case I1 and Fick ian d i f f u s i o n  i s  a p o s s i b i l i t y  f o r  coals .  

One o f  the most common and eas ies t  methods o f  cha rac te r i z ing  the  
d i f f us iona l  behavior o f  a system i s  t o  expose the ma te r ia l  t o  the f l u i d  a t  
t = 0, and t o  monitor t he  uptake as a func t i on  o f  time. 
i n  t h i s  study. 

Case I 1  d i f f u s i o n  o f t e n  occurs where the  

This i s  t h e  approach taken 
For t h i s  approach there are two aspects o f  these d i f f u s i o n a l  systems 
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t h a t  we are p a r t i c u l a r l y  i n te res ted  i n :  
learned about the  d i f f u s i o n  c o e f f i c i e n t  D(c); and (2) how we l l  can the  uptake be 
p red ic ted  w i thout  hav ing  d e t a i l e d  knowledge o f  the d i f f u s i o n  c o e f f i c i e n t .  
address these issues, t he  uptakes were c a l c u l a t e d  f o r  t he  systems t h a t  were 
descr ibed above. 

d i g i t a l  computer. The method used was the  Crank-Nicolson scheme (10). The resuts 
were ca lcu la ted  t o  an accuracy o f  b e t t e r  than 0.11, so any res idua l  dev ia t ions  from 
the exact r e s u l t s  would not be observable i n  the  f i gu res .  

METHOD OF PRESENTATION OF DATA 

(1) given t h e  uptake behavior, what can be 

To 

The uptakes were c a l c u l a t e d  from Eqs. 1-6 us ing  numerical methods on a 

Resul ts f o r  each o f  t he  models w i t h  the  cond i t ions  discussed i n  the  
Formulation Sect ion a re  presented i n  t h i s  paper i n  graphical  form. A few words are  
needed t o  descr ibe t h e  mode o f  p resenta t ion  o f  the  graphical  data. The approach 
taken i n  t h i s  study i s  t h a t  t h e  experimenter does no t  know anything a r i o r i  about 
t h e  d i f f u s i v e  behavior o f  h i s  system; r a t h e r  he measures the  p e n e t r a h e  as a 
func t i on  o f  t ime and then at tempts t o  determine such cha rac te r i s t i cs  as the  type o f  
d i f f u s i o n  (e.g. F ick ian ,  or Case 11, or  an in te rmed ia te  behavior) ,  and the  
concent ra t ion  dependence o f  t h e  d i f f u s i o n  c o e f f i c i e n t .  Our procedure, then, i s  t o  
compute theo re t i ca l  curves based on var ious models t o  which the  experimenter can 
compare h i s  data and at tempt t o  determine the  d i f f u s i v e  character o f  h i s  system. 
The data computed f o r  t he  d i f f e r e n t  hypothe t ica l  models are convenient ly displayed 
as normalized graphs o r  curves. The v e r t i c a l  ax is  measures the  f r a c t i o n  o f  
penetrant taken up by the  medium, where 1.0 i s  the  maximum value which occurs a t  
sa tu ra t i on  (i.e., e q u i l i b r i u m ) .  The ho r i zon ta l  ax i s  i s  the t i m e  ax is .  For F ick ian  
d i f f u s i o n  having the  boundary cond i t i on  o f  constant concent ra t ion  o f  penetrant a t  
the f l u i d - s o l i d  i n t e r f a c e ,  t h e  uptake curve f o r  any reasonably shaped p a r t i c l e  w i l l  
be p ropor t iona l  t o  Jt a t  smal l  enough times. Since a l i n e a r  curve ( i n i t i a l l y )  i s  
easy t o  evaluate v i s u a l l y ,  t h e  t ime ax i s  i n  t h e  f i gu res  i s  scaled as Jt. What 
remains i s  t o  sca le  t h e  absolute magnitude o f  t ime a long the  t ime ax is .  We have 
found tha t  a convenient c r i t e r i o n  i s  t o  match the  slopes o f  the var ious curves i n  a 
f i gu re  a t  zero t ime. 
how they dev ia te  from the  o r i g i n a l  s lopes as t ime progresses. 
p a r t i c l e  data f o r  F i ck ian  d i f f u s i o n ,  t h e  sca l i ng  o f  t h e  system i s  a r b i t r a r i l y  chosen 
t o  produce i n i t i a l  s lopes o f  45". The uptake curves produced by p l o t t i n g  f rac t i ona l  
uptake versus the  square roo t  o f  time, where the  i n i t i a l  slopes are scaled t o  be 
45'. w i l l  be re fe r red  t o  as "normalized uptake curves".  

RESULTS 

F ick ian  D i f f u s i o n  

a. 

Then t h e  curves s t a r t  o f f  together  and i t  i s  easy t o  observe 
For the  s ing le  

Fickian d i f f u s i o n  i n  a s i n g l e  slab-shaped p a r t i c l e  

F igure  1 shows the  normalized uptake curves f o r  F ick ian  d i f f u s i o n  i n  a 
slab, fo r  a constant d i f f u s i o n  c o e f f i c i e n t  and f o r  t h e  d i f f u s i o n  c o e f f i c i e n t  def ined 
i n  Eqs. 5.2. (Recal l  t h a t  t h e  normal ized uptake curve f o r  any non-decreasing 
d i f f us ion  c o e f f i c i e n t  l i e s  i n  between these two curves) .  The lower curve i s  f o r  t h e  
constant d i f f us ion  c o e f f i c i e n t  and the  upper curve i s  f o r  t he  c o e f f i c i e n t  which i s  
zero except f o r  concent ra t ions  very near sa tura t ion .  The curves are s t r a i g h t  and 
v i r t u a l l y  i n d i s t i n g u i s h a b l e  up t o  an uptake o f  roughly 0.6. This behavior i s  not 
Surpr is ing  s ince  i t  i s  we l l  known t h a t  f o r  F ick ian  d i f f u s i o n  i n  a s e m i - i n f i n i t e  
medium w i th  the  boundary cond i t i on  descr ibed i n  Eq. 3.1, the  curves would be 
s t r a i g h t  f o r  a l l  t ime f o r  an concent ra t ion  dependence o f  t he  d i f f u s i o n  
coef f i c ien t .  A d e v i a t i o n  &m the  s t r a i g h t  l i n e  can only occur when there  i s  an 
appreciable over lap  o f  f l u i d  d i f f u s i n g  i n  from one s ide  o f  t he  s lab  w i t h  f l u i d  which 
d i f fused i n  through t h e  o the r  s ide.  
appreciable concent ra t ion  a t  t he  center plane o f  the  s lab  do d i f fe rences  occur 
between the f i n i t e  th ickness  s lab  and a s e m i - i n f i n i t e  s lab.  

That i s ,  only when the f l u i d  achieves an 
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The d i f f u s i o n a l  behavior f o r  t he  d i f f u s i o n  c o e f f i c i e n t  def ined by Eqs. 5.2 
i s  r e a d i l y  p i c tu red  phys i ca l l y .  
no d i f f u s i o n  unless the f l u i d  concentrat ion i s  e s s e n t i a l l y  a t  sa tu ra t i on ,  t he  f l u i d  
propagates i n t o  the medium as a sharp f r o n t  w i t h  concentrat ion zero ahead o f  t he  
f ron t ,  and i t  i s  e s s e n t i a l l y  a t  i t s  sa tu ra t i on  value behind the f r o n t .  The f ron t  
propagates w i t h  a decreasing v e l o c i t y  which i s  p ropor t i ona l  t o  l/Jt.  Only when the 
f ron ts  propagating i n  from opposi te  sides o f  t he  s lab meet, does the system 
recognize t h a t  t he  s lab  i s  not  s e m i - i n f i n i t e .  Since F ick ian uptake curves f o r  non 
decreasing d i f f u s i o n  c o e f f i c i e n t s  always remain concave towards the  Jt a x i s  ( l l ) ,  i t  
i s  c l e a r  t h a t  the d i f f u s i o n  c o e f f i c i e n t  o f  Eqs. 5.2, which maintains the 45' 
s t r a i g h t  l i n e  a l l  the way t o  sa tu ra t i on  gives an upper bound t o  the cummulative 
uptake a t  any t ime. 

b. F ick ian d i f f us ion  i n  a s i n g l e  spher ica l  p a r t i c l e  

again u t i l i z e d ,  but t h i s  t ime f o r  a spher ica l  p a r t i c l e .  
in termediate concen r a t i o n  dependence i s  inc luded -- the  exponential concen t ra t i on  
dependence D(c) = The exponential d i f f u s i o n  c o e f f i c i e n t  g ives the  i n te rmed ia te  
curve i n  Figure 2, which i l l u s t r a t e s  our general f i n d i n g  t h a t  t he  normalized uptake 
curve for  any d i f f u s i o n  c o e f f i c i e n t  ( t h a t  i s  non-decreasing w i t h  concen t ra t i on )  
always l i e s  i n  between the normalized uptake curves obtained from the extreme 
d i f f u s i o n  c o e f f i c i e n t s  i n  Eq. 5.1 and Eqs. 5.2. For spher ica l  p a r t i c l e s  t h e  
d i f f e r e n c e  i n  the  normalized uptake curves for  t he  two d i f f u s i o n  c o e f f i c i e n t s  which 
give the upper and lower bounds i s  much less  ev ident  than f o r  t he  s lab case, 
fact ,  unless an experimental uptake curve had a very h igh  accuracy, i t  would be 
d i f f i c u l t  t o  determine whether the observed behaviour was produced by the most 
s t rong ly  concentrat ion dependent d i f f u s i o n  c o e f f i c i e n t  poss ib le  ( the upper curve) o r  
by a constant d i f f u s i o n  c o e f f i c i e n t  ( t he  lower curve), much less  some in te rmed ia te  
concentrat ion dependence. 

It i s  seen i n  Figure 2, t h a t  the uptake curves depart from t h e  i n i t i a l  
s t r a i g h t  l i n e  much e a r l i e r  than f o r  t he  s lab.  The d e v i a t i o n  from the s t r a i g h t  l i n e  
by the  upper curve, f o r  which the  penetrant  propagates i n t o  the ma te r ia l  as a sharp 
f ron t ,  i s  caused by the smal ler  and smal ler  area o f  t he  surface def ined by the f r o n t  
as i t  propagates towards the center  o f  t he  sphere. 

Since f o r  t h i s  d i f f u s i o n  c o e f f i c i e n t  t h e r e  can be 

I n  Figure 2, the same two d i f f u s i o n  c o e f f i c i e n t s  used i n  Figure 1 are 
I n  add i t i on ,  an 

I n  

' 

c. Fickian d i f f u s i o n  i n  a s l u r r y  o f  slab-shaped p a r t i c l e s  

Figure 3 shows the  e f f e c t  o f  t he  p a r t i c l e  s i z e  d i s t r i b u t i o n  on t h e  uptake 
behavior of slab-shaped p a r t i c l e s .  The curves i n  t h i s  s l u r r y  graph are scaled such 
t h a t  i f  a l l  o f  t he  volume o f  t he  sample was used i n  making up p a r t i c l e s  o f  t he  same 
s i ze  as the l a rges t  p a r t i c l e  i n  t h i s  d i s t r i b u t i o n ,  then the curves would s t a r t  out  
a t  45' on t h i s  p l o t .  
d i s t r i b u t i o n  r e s u l t s  i n  a l a r g e r  sur face area than i f  the  same volume res ided  i n  
l a r g e r  p a r t i c l e s ,  so the i n i t i a l  s lope f o r  the s l u r r y  i s  cons iderably  g rea te r  than 
45". 

c o e f f i c i e n t s  as i n  Figure 1. It i s  immediately obvious by comparing Figures 1 and 3 
t h a t  the p a r t i c l e  s i ze  d i s t r i b u t i o n  d ramat i ca l l y  changes the behavior o f  t h e  
normalized uptake curves. 
t he re  i s  s i g n i f i c a n t l y  l ess  d i f f e r e n c e  between the  uptake curves f o r  t h e  two extreme 
concentrat ion dependencies shown than f o r  the s i n g l e  p a r t i c l e  case. I n  f a c t ,  t he  
curves f o r  the s l u r r y  o f  s l a b - l i k e  p a r t i c l e s  i n  Figure 3 are s i g n i f i c a n t l y  c lose r  
together  than the  curves f o r  t he  s i n g l e  spher i ca l  p a r t i c l e  i n  Figure 2. 

It i s  seen t h a t  t he  uptake curves i n  F igure 3 f a l l  we l l  below the  i n i t i a l  
slope a t  a much lower uptake value than even f o r  the s i n g l e  spher ica l  p a r t i c l e  
case. Q u a l i t a t i v e l y  the reason f o r  t h i s  e a r l y  d e v i a t i o n  i s  c l e a r .  The smal ler  
p a r t i c l e s  i n  the d i s t r i b u t i o n  approach s a t u r a t i o n  q u i c k l y  and then c o n t r i b u t e  l i t t l e  
t o  the  uptake. The c lose correspondence of t he  two curves a t  a l l  t imes and the  

O f  course the presence o f  the smal ler  p a r t i c l e s  i n  t h e  

The top  and bottom curves i n  Figure 3 are f o r  t h e  same d i f f u s i o n  

For example, f o r  t h i s  s l u r r y  o f  slab-shaped p a r t i c l e s  
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dramatic d i f ferences between t h e  curve shapes i n  Figures 1 and 3 suggest t h a t  t he  
p a r t i c l e  s i ze  d i s t r i b u t i o n  i s  t h e  dominant f a c t o r  i n  the  uptake behavior. 

d. F ick ian d i f f u s i o n  i n  a s l u r r y  o f  spher ica l  p a r t i c l e s  

F igure 4 presents  s l u r r y  data f o r  spher ica l  p a r t i c l e s  ca l cu la ted  us ing the  

The uptake curves i n  Figure 4 l i e  
d i f f u s i o n  c o e f f i c i e n t s  descr ibed prev ious ly .  
t he  s i n g l e  spher ica l  p a r t i c l e  curves o f  Figure 2. 
very c lose together, even though the curves represent the two extreme cases o f  
concentrat ion dependence f o r  (monotonica l ly  i nc reas ing )  F i ck ian  d i f f u s i o n  
c o e f f i c i e n t s .  It i s  c l e a r  from these r e s u l t s  t h a t  f o r  t he  s o r t  o f  p a r t i c l e  
d i s t r i b u t i o n  used, i t  i s  extremely d i f f i c u l t ,  i f  not impossible, t o  get r e l i a b l e  
concentrat ion dependence in fo rma t ion  f o r  the d i f f u s i o n  c o e f f i c i e n t  from the  shape o f  
t he  uptake curve. 

Case I 1  D i f f u s i o n  and Comparison w i t h  F i ck ian  D i f f u s i o n  

As descr ibed p rev ious l y ,  Case I 1  d i f f u s i o n  e x h i b i t s  behavior which i s  
fundamentally d i f f e r e n t  from F ick ian  d i f f u s i o n ,  regardless o f  t he  concentrat ion 
dependence o f  t h e  F i c k i a n  d i f f u s i o n  c o e f f i c i e n t .  Case I 1  d i f f u s i o n  i s  easy t o  
v i s u a l i z e  since i t  invo lves  the propagation o f  a sharp f r o n t  i n t o  the  medium, w i t h  
zero concentrat ion ahead o f  t he  f r o n t  and sa tu ra t i on  behind the  f r o n t .  I n  t h i s  
respect i t  i s  s i m i l a r  t o  the F i ck ian  d i f f u s i o n  described by Eqs. 5.2, and discussed 
p rev ious l y .  However, p h y s i c a l l y  and mathemat ica l ly  these two modes o f  d i f f u s i o n  are 
fundamentally d i f f e r e n t .  For example, whereas ( regard less o f  t he  concentrat ion 
dependence) a F i c k i a n  f r o n t  propagates i n t o  a s e m i - i n f i n i t e  medium a t  a v e l o c i t y  
p ropor t i ona l  t o  1/Jt (assuming the usual f i x e d  concentrat ion o f  penetrant a t  t h e  
sur face) ,  the Case I 1  f r o n t  propagates a t  a constant v e l o c i t y .  

a. Case I 1  d i f f u s i o n  i n  a s i n g l e  slab-shaped p a r t i c l e  

s i n g l e  s l a b - l i k e  p a r t i c l e .  I n  t h i s  f i g u r e  the Case I 1  d i f f u s i o n  i s  compared t o  the 
two extremes o f  F i ck ian  d i f f u s i o n  p rev ious l y  shown i n  Figure 1. The curve which 
s t a r t s  o f f  lowest i n  F igure 5 i s  from Case I 1  d i f f u s i o n ,  the other  two curves a re  

' 

i d e n t i c a l  t o  t h e  ones i n  Figure 1. The Case I 1  uptake curve can not be convenient ly  
normalized t o  a i n i t i a l  slope o f  45' on t h i s  graph because o f  i t s  i n i t i a l  l i n e a r - i n -  
t t ime dependence. Therefore, the Case I 1  curves were normalized i n  a d i f f e r e n t  
manner. I n  a l l  o f  t h e  remaining f i gu res ,  t he  Case I 1  curve i s  scaled along the  
square-root -of - t  h o r i z o n t a l  a x i s  by r e q u i r i n g  t h a t  t h e  area under i t s  curve be equal 
t o  the  area under the  curve f o r  the constant F ick ian d i f f u s i o n  c o e f f i c i e n t .  The 
dramatic d i f f e r e n c e  i n  behavior between Case I 1  d i f f u s i o n  and F i ck ian  d i f f u s i o n  for 
an monotonica l ly  i n c r e a s i n g  concentrat ion dependence i s  obvious from Figure 5. 
&sumably uptake curves f o r  F i ck ian  d i f f u s i o n  c o e f f i c i e n t s  having 2 concentrat ion 
dependence which i s  a non-decreasing func t i on  o f  concentrat ion w i l l  f a l l  between the  
two F ick ian curves i n  F igure 5, whereas the  Case I 1  curve i s  f a r  out o f  t h i s  
range. While t h e  Case I1 curve appears t o  be h i g h l y  curved i n  t h i s  r/ t  p l o t ,  
a c t u a l l y  t he  Case I 1  curve would be a s t r a i g h t  l i n e  i f  the graph u t i l i z e d  a l i n e a r -  
i n - t  ho r i zon ta l  ax is .  

Th is  f i g u r e  should be compared w i t h  

F igure 5 shows the penetrant  uptake curve f o r  Case I 1  d i f f u s i o n  i n  a 

b. Case I 1  d i f f u s i o n  i n  a s l u r r y  o f  slab-shaped p a r t i c l e s  

F igure 6 shows the uptake curve f o r  Case I 1  d i f f u s i o n  f o r  a s l u r r y  o f  
s l a b - l i k e  p a r t i c l e s .  The 
corresponding F i c k i a n  uptake curves f o r  t h i s  p a r t i c l e  shape and p a r t i c l e  s i ze  
d i s t r i b u t i o n ,  which were shown i n  Figure 3, are d isp layed i n  Figure 6 f o r  
comparison. 
F ick ian and Case I 1  curves f o r  t he  s l u r r y  than i n  Figure 5 f o r  t he  i n d i v i d u a l  
p a r t i c l e s ,  but t h e  curves are s t i l l  q u i t e  d i f f e r e n t .  
f o r  the i n d i v i d u a l  s l a b  of F igure 5 w i t h  the  Case I 1  curve f o r  t he  s l u r r y  o f  Figure 

The p a r t i c l e  s i ze  d i s t r i b u t i o n  i s  given by Eqs. 1. 

It i s  seen t h a t  t h e r e  i s  s l i g h t l y  c l o s e r  correspondence between t h e  

Comparing the Case I 1  ,curve 
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6, it i s  seen t h a t  i n  the reg ion up t o  an uptake o f  about 0.8 the curve i n  Figure 6 
has much less  curvature than i n  Figure 5. 
e n t i r e  uptake curve, from below 0.2 up t o  near ly  0.8, t he  Case I 1  uptake curve i n  
Figure 6 i s  very near ly  s t r a i g h t .  This i s  s u r p r i s i n g  s ince w i t h  our boundary 
cond i t i ons  a s t r a i g h t  l i n e  p l o t  o f  uptake versus square roo t  o f  t ime i s  commonly 
taken as the s ignature o f  F ick ian d i f f u s i o n .  To add t o  the confusion, t he  F i ck ian  
curves i n  Figure 6 have much more curvature than the  Case I1 curve. 
e a r l y  t ime curvature o f  the Case I1 curve were neglected ( f o r  example, t he re  are 
f requent ly  experimental d i f f i c u l t i e s  or  u n c e r t a i n t i e s  a t  small t imes), it i s  
poss ib le  t h a t  an experimenter would m i s i n t e r p r e t  the Case I1 curve as s i g n i f y i n g  
F i ck ian  dif fusion, and would m i s i n t e r p r e t  t he  F ick ian curves as s i g n i f i n g  a non- 
F ick ian type o f  d i f f u s i o n .  
these ca l cu la t i ons  i s  not an a r b i t r a r y  one, but  i s  a f i t t o  an exper imen ta l l y  
der ived curve from the b a l l  m i l l i n g  o f  a coal .  Therefore, i t  i s  c r u c i a l  t h a t  an 
experimenter understand the  e f f e c t i v e  p a r t i c l e  s i z e  d i s t r i b u t i o n  o f  h i s  sample 
before attempting t o  i n t e r p r e t  d i f f u s i o n a l  data from uptake curves. A p a r t i c l e ' s  
e f f e c t i v e  s i ze  w i l l  be a f fec ted  by the  exact shape o f  t he  p a r t i c l e ,  and i n  fac t ,  the 
e f fec t i ve  p a r t i c l e  s i ze  may be q u i t e  d i f f e r e n t  from t h e  p a r t i c l e ' s  geometr ica l  
s ize.  
conta in ing,  and porous mater ia ls ,  such as coals, f o r  which the  geometrical su r face  
and t h e  region r a p i d l y  penetrated by f l u i d s  may d i f f e r  s u b s t a n t i a l l y  (5) .  

as compared t o  the s ing le  p a r t i c l e  uptake i n  Figure 5, i s  caused by t h e  s a t u r a t i o n  
of the smaller p a r t i c l e s  so t h a t  they no longer c o n t r i b u t e  t o  f l u i d  uptake. 

c. Case I1 d i f f u s i o n  i n  a s i n g l e  spher ica l  p a r t i c l e  

A l s o  shown on the graph are the  F ick ian uptake curves f o r  t he  corresponding 
system. The Case I1 uptake curve f o r  t he  sphere d i f f e r s  from the l i nea r - i n - t ime  
behavior f o r  the slab, because as the d i f f u s i o n  f r o n t  propagates i n t o  the sphere 
towards the center, t h e  p o s i t i o n  o f  the f r o n t  describes a smal ler  and sma l le r  
sphere. It i s  noteworthy t h a t  f o r  t he  s i n g l e  spher ica l  p a r t i c l e ,  the Case I1 uptake 
curve has a long, r e l a t i v e l y  s t r a i g h t  reg ion from about 0.2 t o  0.8 on the  square- 
root -of - t ime p l o t .  This i s  a longer (approximately) s t r a i g h t  reg ion than f o r  t he  
corresponding F ick ian curves. O f  course, t he  l a rge  cu rva tu re  i n  the  reg ion below an 
uptake o f  0.2 gives away the  non-Fickian behavior o f  t he  Case I1 curve f o r  t h i s  
system. 

d. Case I1 d i f f u s i o n  i n  a s l u r r y  o f  spher ica l  p a r t i c l e s  

spher ica l  p a r t i c l e s  whose s i z e  d i s t r i b u t i o n  i s  again given by Eqs. 1. The F i ck ian  
curves f o r  the corresponding systems (i.e. Figure 4) are a l so  shown. What i s  
remarkable about t h i s  Case I1  curve i s  t h a t  i t  i s  nea r l y  s t r a i g h t  a l l  the way from 
an uptake o f  about 0.05 t o  0.7 uptake. If the  p a r t i c l e  s i ze  d i s t r i b u t i o n  was not  
taken i n t o  considerat ion one could very e a s i l y  conclude (mistakenly)  t h a t  t h i s  
uptake curve i s  t he  r e s u l t  o f  F ick ian d i f f u s i o n .  

It i s  c l e a r  from t h e  above r e s u l t s  t h a t  f o r  s l u r r y  systems it i s  very 
d i f f i c u l t  t o  determine the concentrat ion dependence o f  t he  d i f f u s i o n  c o e f f i c i e n t ,  or  
even the type o f  d i f f u s i o n ,  from the usual continuous f l u i d  uptake curve. I f  
concentrat ion dependent d i f f u s i o n a l  i n fo rma t ion  i s  des i red f o r  a system, more 
e f fec t i ve ,  though less convenient, methods must be used, such as e q u i l i b r a t i n g  t h e  
sample a t  various concentrat ions and making d i f f e r e n t i a l  uptake measurements. 

I n  fac t ,  over more than h a l f  of t h e  

So, i f  the very 

Recall  a l so  t h a t  the p a r t i c l e  s i z e  d i s t r i b u t i o n  used f o r  

This d i s t i n c t i o n  can be espec ia l l y  important f o r  heterogeneous, crack-  

The change i n  shape o f  t h e  Case I1 uptake curve f o r  the s l u r r y  i n  Figure 6, 

Figure 7 shows t h e  Case I1  uptake curve f o r  a s i n g l e  spher i ca l  p a r t i c l e .  

.Figure 8 shows t h e  uptake curve f o r  Case I1 d i f f u s i o n  i n  a s l u r r y  o f  

CONCLUSIONS 

This study has shown t h a t  the f l u i d  uptake behavior o f  p a r t i c l e s  i n  
s l u r r i e s  can d i f f e r  d r a s t i c a l l y  from the uptake behavior o f  i n d i v i d u a l  p a r t i c l e s .  
Therefore, f l u i d  uptake p r o f i l e s  f o r  s i n g l e  p a r t i c l e s  must no t  be u t i l i z e d  t o  
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i n t e r p r e t  d i f f u s i o n a l  data on s l u r r i e s  w i thou t  t ak ing  i n t o  considerat ion the 
p a r t i c l e  s i ze  d i s t r i b u t i o n .  For a p a r t i c l e  s i z e  d i s t r i b u t i o n  produced by the b a l l  
m i l l  g r i nd ing  o f  coa l ,  i t was found t h a t  the e f f e c t  on the penetrant  uptake was 
s u f f i c i e n t l y  severe t h a t  t he  i n i t i a l  uptake r a t e  f o r  F ick ian d i f f u s i o n  was h i g h l y  
non- l inear  on a square-root-of-t ime p l o t .  However, su rp r i s ing l y ,  w i t h  t h i s  same 
p a r t i c l e  s i z e  d i s t r i b u t i o n ,  Case I 1  d i f f u s i o n  gave a near l y  l i n e a r  graph on a 
square-root -of - t ime p l o t .  
d i f f us ion  for  t h i s  system. Thus f a u l t y  ana lys i s  o f  t he  d i f f u s i o n a l  system can 
r e a d i l y  occur. 

Th is  study a l s o  brought t o  l i g h t  an unexpected s i m i l a r i t y  i n  the shape o f  
f l u i d  uptake curves f o r  d i f f u s i o n  c o e f f i c i e n t s  having d r a s t i c a l l y  d i f f e r e n t  
concentrat ion dependencies. For a coal s l u r r y  having a t y p i c a l  p a r t i c l e  s i ze  
d i s t r i b u t i o n ,  the f l u i d  uptake p r o f i l e s  f o r  d i f f u s i o n  c o e f f i c i e n t s  having extremes 
i n  concentrat ion dependence a re  q u i t e  s i m i l a r  f o r  slab-shaped p a r t i c l e s ,  and for  
spher ica l  p a r t i c l e s  the  curve shapes are almost i nd i s t i ngu ishab le .  These r e s u l t s  
show t h a t  t he  concen t ra t i on  dependence o f  d i f f u s i o n  c o e f f i c i e n t s  can not be read i l y  
determined f o r  s l u r r y  systems us ing continuous f l u i d  uptake measurements. 
l e s s  convenient methods must be used, such as d i f f e r e n t i a l  uptake measurements. 

For coals and o the r  micro-heterogeneous and micro-cracked mater ia ls ,  the 
problem o f  determin ing d i f f u s i o n a l  behavior i s  p a r t i c u l a r l y  complex because t h e  
external  sur face geometry may not s a t i s f a c t o r i l y  i n d i c a t e  the r a t e  o f  penetrat ion o f  
t h e  f l u i d  i n t o  the  p a r t i c l e s .  I n  coal, f o r  example, t h e  uptake o f  f l u i d  through 
holes, cracks, along maceral i n te r faces  and along regions o f  mineral matter may 
c o n t r i b u t e  s u b s t a n t i a l l y  t o  t h e  d i f f u s i o n  process. I n  add i t i on ,  t he  various 
macerals o r  microcomponents o f  t he  coal w i l l  have d i f f e r e n t  d i f f u s i o n a l  
c h a r a c t e r i s t i c s .  Even w i t h i n  the v i t r i n i t e  c l a s s i f i c a t i o n  d i f f e r e n t  pieces o f  

. mater ia l  may e x h i b i t  s u b s t a n t i a l l y  d i f f e r e n t  d i f f u s i o n  c h a r a c t e r i s t i c s .  

So Case I 1  d i f f u s i o n  might e a s i l y  be mistaken f o r  F ick ian 

Other 
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Figure 1 .  Solvent  uptake f o r  a single slab-shaped p a r t i c l e  
a )  Lover curve is f o r  constent  d i f f u s i o n  c o e f f i c i e n t  (concentret ion independent) 

b) Upper curve is for extreme concentration dependent Fickian d i f f u s i o n  

Figure 2 .  Solvent  uptake f o r  a s i n g l e  spherical  p a r t i c l e  
e)  Lover curve i s  for constant  d i f f u s i o n  EDeff ic ient  (concenrration independent) 
b) Middle curve is f o r  exponential ly  cobcentration dependent d i f f u s i o n  c o e f f i c i e n t  
c )  Upper curve is for extreme concentration dependent F i c k i s n  diffusion 
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PIgurc 3. So lvent  uptake for a alurry o f  ~ l a k - s h a p d  p a r t i c l e .  

a )  Louer'curvc is f o r  con i tant  dlffuniom c o e f f i c i e n t  (ronccotration i n d e p n d m t )  

b) Uppr curve 1. for  cxtremc cooccotra t ion  d e p a d s n t  Flekim d l f fu8 ion  

'1 

Figure 4 .  Solvent  uptake for a slurry o f  spher ica l  par t i c l e .  

a)  

b) 

Loucr curve l a  for  constant d l f fua ion  c o e f f i c i e n t  (CmCestratlOn Independcot) 

Upper curve 1s for  extreme concentration dependent Pickian d i f f u e i m  



Figure 5. Solvent uptake f o r  a s i n g l e  alab-shaped p a r t i c l e  
a )  
b) 
c )  

Curve 1 is for  constant d i f f u s i o n  c c e f f i c i e n t  (concentrat ion independent) 
Curve 2 is for  extreme concentration dependent Fickian d i f f u s i o n  
Curve 3 i s  for  Case I1 d i f f u s i o n  (constant v e l w i t y )  

5 L u l l l Y  
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Figure 6 .  Solvent uptake for B s l u r r y  of slab-shaped p a r t i c l e s  
8 )  

b) 
c )  Curve 3 i s  for Case 11 d i f f u s i o n  (constant v e l o c i t y )  

Curve 1 i s  for Constant d i f f u s i o n  c o e f f i c i e n t  (concentrat ion independent) 
Curve 2 i s  for extreme concentration dependent Fiehien d i f f u e i o n  
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Figure 7. Solvent uptake for (I s i n g l e  spher ica l  p a r t i c l e  
a) 
b) 
c )  

Curve 1 is for  constant d i f f u s i o n  c o e f f l e l e n t  (concentration independent) 
Curve 2 1s for  extreme concentration dependent P i c k i a n  d i f f u s l o n  
Curve 3 is for  Case I1 d i f f u s i o n  (conatant v e l o c i t y )  

Figure 8. Solvent uptake for  (I slurry o f  spherical p a r t i c l e s  
a )  
b) 
c )  

Curve 1 l e  for  constant d i f f u s i o n  c a f f l e i e n t  (mncentration independent) 
Curve 7 1 s  for  extreme concentration dependent Ficklan d i f f u s i o n  
Curve 3 is for  Case I1 d i f f u s i o n  (conatant v e l o c i t y )  
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