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Introduction

There has been extensive progress made in recent years in research towards the
development of analytic statistical mechanical equations of state applicable for
process design calculations (1,2). However cubic equations of state are still
widely used in chemica) engineering practice for calculation and prediction of
properties of fluids and fluid mixtures (3). These equations of state are generally
modifications of the van der Waals equation of state (4,5),
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which was proposed by van der Waals (4) in 1873. according to van der Waals for the

extension of this equation to mixtures, it is necessary to replace a and b with the
following composition-dependent expressions :
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Equations [2] and [3] are called the van der Waals mixing rules. In these equations
ajj and b;;, (i=j) are parameters corresponding to pure component (i) while

a;5 and b;5, (i#]j) are called the unlike-interaction parameters. It is customary

to relate {he unlike-interaction parameters to the pure-component parameters by the
following expression @

aj; = (l‘kij) (a;i ajj)‘/z [4]
bij = (b;; + bjj)/z (5]
In Eq.[4] kj; is a fitting parameter which is known as the coupling parameter.
With Eq.[5] replaced in Eq.[3], the expression for b will reduce to the following
one-summation form:
n [3.1]
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The Redlich-Kwong equation of state (6),

RT a {6]
pa= -
v=-b T v (v-b)




and the Peng-Robinson equation of state (7),

RT a(T) n
P Vb een)
aM =a(T) {1+x0-T% )12 [8]
a(T)) = 0.45724 R* T2 / P, [8.1]
X = 0.3746k + 1.54226w - 0.26992w? [9]
b = 0.0778 RT /P, 0]

are widely used for thermodynamic property calculations.

Leland and Co-workers (8-10) have been able to re-derive the van der waals mixing
rules with the use of statiscal mechanical theory of radial distribution functions.
According to these investigators for a fluid mixture with a pair intermolecular
potential energy function ,

uij(r) - GiJ-f(l'/Uij) ml

the following mixing rules will be derived :
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In these equations, ¢;; is the interaction energy parameter between molecule i and
j while o;; is the intermolecular interaction distance between the two molecules.

Knowing that coefficients (a) and (b) of the van der Waals equation of state are
proportional to ¢ and o according to the following expressions :

a® 1.1250 RT v, = Ng €03 [14]
b= 0.3333 v, = Ny o3 5]

We can see that Eq.[12] and Eq.[13] are identical with Eqs.[2] and [3]
respectively, Statistical mechanical arguments which are used in deriving Eq.[12]
and Eq.[13) dictate the following guidelines in using the van der Waals mixing rules

(1) The van der Waals mixing rules are for constants of an equation of state.
(2) Equation [12] is a mixing rule for the molecular volume, and Eq.[13] is a
mixing rule for (molecular volume).(molecular energy). It happens that b and a
of the van der Waals equation of state are proportional to (molecular volume)
and (molecular volume).(molecular energy), respectively, and as a result, these
mixing rules are used in the form which was proposed by van der Waals.

(3) Knowing that a;; (for i # j), the unlike-interaction diameters, for
spherical molecules is equal to

o = (o;; + ojj)/Z [16]

120



|
l
E
{

This will make

bij=1[(

the expression for bi' for spherical molecules to be

bii /34 b;;1/3 /72 13 017l

Then for non-spherical molecules expression for b;: will be

bijj = (1-

With the use of t
the two representat
deriving the van der
Mixing Rules for the

The Redlich-Kwong

PV
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¥ ]
L0 b1/ 34 b5;1/3) 13 (18]
hese guidlines, we now derive the van der Waals mixing rules for
ive equations of state. Similar procedure can be used for
waals mixing rules for other equations of state.

Redlich-Kwong Equation of State

equation of state ,Eq.[6], can be written in the following form:

v a f19]

RT v

In this equation of

-b RT1-5 (w+b)

state, b has the dimension of a molar volume,

b = 0.26v. = Nyo

Then the mixing rule for b will be the same as the one for the first van der Waals
mixing rules, Eq.(3), However mixing rule for a will be different from the second

van der Waals mixin
equation of state h
volume), that is

(a = 1.2828RT,

g rule, Eq.[2]. arameter a appearing in_ the Redlich-Kwong
as dimension of R™% , (molecular energy) (moleculiar

1.5y, « Ng(e/k) 1+503)

As a result the second van der Waals mixing rules, Eq.[13], cannot be used directly
fo the a parameter of the Redilch-Kwong equation of state. However, since
(R%ab®) has the dimension of (molecular energy).(molecular volume), the second

van der Waals mixing
der Waals mixing r
following form:
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These mixing rul
constitute the Redli
the statistical mech

rules, Eq.[13], can be written for this term. Finally the van
ules for the Redlich-Kwong equation of state will be in the

[20]
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es, when joined with the Redlich-Kwong equation of state, will

ch-Kwong equation of state for mixtures that is consistent with
anical basis of the van der Waals mixing rules.

Mixing Rules for the Peng-Robinson Eguation of State

i{n order to separ
equation of sate, we
the following form :

v <

ate thermodynamic variables from constants of the Peng-Robinson
will insert Eq.[8] and Eq.[9] in Eq.[7] and we will write it in

/RT + d - 2 V(c d/RT) {21]

= -
v-b

(v#b) + (b/v) (v-b)
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where ¢ = a(T) (1 + «) * and d = ac«x*/RT,

This form of the Peng-Robinson equation of state suggests that there exist three
independent constants which are b, ¢, and d. Now, following the prescribed
guidelines for the for the van der Waals mixing rules, mixing rules for b, ¢, and d
of the Peng-Robinson equation of state will be

nn [22]
c -_? ? Xj Xj €ij
1y
nn
b-.E?xi ijij [23]
rJ
nn
d-??xi xjdij [24]
1J
with the following interaction parameters :
cij = (]'kij) (ci; ij)]/z [25]
bijj = (‘-lij) {(b;i]/3+ bjj‘/s)/Z 13 [26]
di; = (l'mij) {(dii]/3+ djj]/S)/Z 33 [27]

Applications for Supercritical Fluid Extraction Modeling

A serious test of mixture equations of state is shown to be their application for
prediction of solubility of solutes in supercritical fluids (11). In the present
report, we apply the van der Waals , the Redlich-Kwong and the Peng-Robinson
equations of state for supercritical fluid extraction of solids and the effect of
choosing different mixing rules on prediction of solubility of solids in
supercritical fluids.

Thermodynamic Model

Solubility of a condensed phase, y, , in a vapor phase at supercritical
conditions (12) can be define as :

P
y2 = (P32Y/P) (1/8;) #32% Expi .sfat(v3°"d/RT)dP} [28]
P
where $:53% is the fugacity coefficient at pressure P. Provided we assume

v:501id is independent of pressure and for small values of of P:53! the above
expression will be converted to the following form:

yz= (P232/P) (1/9;) Exp { v,30!1d(p-p,%3%) /RT) [29]
In order to calculate solubility from Eq.[29] we need to choose an expression for
the fugacity coefficient. Generally for calculation of fugacity coefficient an
equation of state with appropriate mixing rules is used (12) in the following
expression :
o0
RT In ¢i= I [(ap/a“i)T.V.n - (RT/V)] dV - RTInZ [30]
v ]

Solubility Calculations

In Figure 1 solubility of 2,3 dimethy! naphtalene (DMN) in supercritical carbon
dioxide is reported versus pressure at 308 kelvin along with predictions using the
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van der Waals equation of state. According to this figure predictions by the van der
Waals equation of state will improve when Eq.[3], along with combining rule in
Eq.[17], is used as the mixing rule for b instead of Eq.[3.1] which is customarily
used. This comparaison and other similar comparaisons which are reported elsewhere
(11)  for other solute-solvent systems establish the superiority of double-summation
mixing rutes, Eq.[3], for b over single summatiom expression, Eq.[3.1].

In Figure 2 the same experimental solubility data as in Figure 1 are compared
with predictions using the Redlich-Kwong equation of state. According to this figure
the corected van der Waals mixing rules for the Redlich-Kwong equation of state,
Eqs.[3]) and Eq.[20], are clearly superior to the mixing rules that are customarily
used,Eq. [2] and Eq.[3.1], for this equation of state. Similar observations are made
for prediction of solubilities of other solids in supercritical fluids which will
not be reported here.

The Peng-Robinson equation of state with its customary mixing rules, Eqs.[2] and
[3.1], is widely used for prediction of solubility of heavy solutes in supercritical
gases and for petroleum reservoir fluid phase equilibrium calculations (13-15). In
Figure 3 the same experimental solubility data as in Figures 1 and 2 are compared
with predictions using the Peng-Robinson equation of state with its original mixing
rules with the corrected mixing rules. According to Figure 3 corrected van der Waals
mixing rules of the Peng-Robinson equation of state apparently do not improve
solubility predictions over the original mixing rules. However, variation of
solubility versus pressure for the new mixing rules is more consistent with the
experimental data than the old mixing rules. Also considering the fact that new
mixing rules for the Peng-Robinson equation of state contain three adustable
parameters (ki- ’ 'ij and mi~) while the old mixing rules contain only one
adjustable parameter (ki- » 1t makes the new mixing rules more attractive. To
demonstrate the‘superiori{y of the new mixing rules for the Peng-Robinson equation
of state we have reported here Figures 4 to 9. According to these figures when the
unlike-interaction adustable parameters of the mixing rules are fitted to the
experimental data, the Peng-Robinson equation of state with the corrected van der
Waals mixing rules can predict solubility of heavy solids in supercritical fluid
more accurately than with the original mixing rules over different ranges of
temperature and pressure and for different solutes and supercritical soivents.

Applications for Correlations of Vapor-lLiquid Equilibria

when applied to both vapor and liquid phases , cubic equations of state can be
used to generate thermodynamically consistent data, particularly equilibrium data.
Good correlations of vapor -liquid equilibria depend on the equation of state used
and, for multicomponent systems, on the mixing rules.

Thermodynamic Model
in the equilibrium state,the intensive properties - temperature, pressure and
chemical potentials of each component - are constant in the overall system.Since the
fugacities are function of temperature,pressure and compositions 1the equilibrium
condition
£, VT,P Iy = £;L(T,P, (X)) [31]
can be expressed by
yi ¢i¥= x; &t [32]

The expression for the fugacity coefficient ¢; depends on the equation of state
that is used and is the same for the vapor and liquid phases
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RT In &;= J [(8P/2n;)1 y,n = (RT/V)] dV - RTInZ [33]
v

J

In calculations of mixture properties with the Peng-Robinson equation of state we
used the following combining rules:

cij= Q- ki_j) [Cii'cjj/bii'bjj]]/z bij [34]
bl{3 + pli3 . [35]
bij= Q1 -]ij)3 [— 333
2
dl{3 + 4143 [36]
dij= (1 -m; 3 [————d 33

1J 2

A three parameter search routine using a finite difference Levenberg - Marquardt
algorithm was used to evaluate the interaction parameters which minimize the
objective function

M P (exp) -P (cal) . [371
OF = Z [ 1;
i=1 P (exp)

where M is the number of experimental! points considered.
The average pressure deviation is expressed as

ap/p = (0F /M) 1/2 [38)

Phase Equilibrium Calculations

Attention will be given to complex binary systems such as water-acetone. In
order to apply the Peng-Robinson equation of state to such polar compounds , some
modifications must be incorporated (16). These modifications concern the values of
the pure-component parameters.

The relationship a« (T.,w) for water must be changed to

o% = 1.008568 + 0.8215(1 - T /%)
this correlation is good for T% < 0.85

Figures 10,11 and 12 show both the prediction by the Peng-Robinson equation of
state with classical mixing rules and one parameter , k],z. fitted to bubble point
data, and the net improvment provided by the proposed mixing rules with three fitted
paramaters. Figure 13 shows the Peng-Robinson prediction with new mixing rules and
binary interaction parameters set to zero. It should be noted that no prediction is
observed by the Peng-Robinson equation of state with classical mixing rules and
binary interaction parameter, k]_z. equal to zero.
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Nomenclature

a, b, c, d :equation of state parameters

f :fugacity

k, }, m :binary interaction parameters

n :number of components

No :Avogadro number

OF :objection function to be minimized
P spressure

T :temperature

u sintermolecular potential function
v :molar volume

x :mole fraction

y :mole fraction in the vapor phase
4 :compressibility factor

® :fugacity coefficient

4 sintermolecular distance parameter
€ sinteraction energy parameter

w sacentric factor

3 :a function of the acentric factor
Subseripts )

c icritical property

iy § scomponent identification

2 :solute
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figures 10, 11, 12 : Phase behavior of acetone-water systems. The solids 1ines are
the Peng-Robinson prediction with three fitted parameters and the corrected mixing
rules. The dashed lines are for Peng-Robinson prediction with one fitted parameter
and the classical mixing rules.The dots and circles are experimental data (17).

Figure 13 @ Acetone-water system predicted by the Peng-Robinson equation of state
w th the proposed mixing rules and the binary interaction parameters

kg, 20
Ty,20 ™2 ) equal to zero.
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